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FUNCTIONAL DESIGN OF FLOOD CONTROL 
RESERVOIRS 


By C. J. Posey, JUN. AM. Soc. C, E., AND Fu-TE I,? Esa. 


SYNOPSIS 


The functional design of a flood control reservoir has as its objective the 
determination of the relation between the storage space that must be provided 
and the corresponding reduction of the flood peak. The method of incor- 
porating this relation into the study of the economic balance of a flood control 
system has been explained in detail by Sherman M. Woodward,’ M. Am. Soe. 
C. EH. Mr. Woodward’s “‘five-sixths rule,’ which heretofore has provided the 
only direct method for the functional design computations, is limited in its 
application to reservoirs of such proportions that the maximum outflow is 
small compared with the average inflow during the flood, and to reservoirs 
with orifice-type outlets and a certain type of depth-capacity relationship. 
In this paper the writers have generalized Mr. Woodward’s method and have 
extended it to apply to reservoirs with either orifice- or weir-type outlets, in 
valleys of a wide range of morphological configuration. Although the relation- 
ships derived can be used in the design of multiple-purpose reservoirs, the 
present discussion is restricted to reservoirs for flood control only, 


INTRODUCTION 


A necessary preliminary step is the estimation of the maximum flood run- 
off that may occur at the given site. This is usually based upon a statistical 
study of meteorological and hydrological data, and includes a determination of 
the shape of the flood hydrograph, as well as its volume. Methods of making 
these studies have been the subject of extended discussion in recent years,‘ 


Norz.—Written comments are invited for immediate publication; to insure publication the last dis- 
cussion should be submitted by February 15, 1940. 

1 Associate Engr., Iowa Inst. of Hydr. Research; Asst. Prof. of Hydraulics and Structural Eng., 
State Univ. of Iowa, Iowa City, Iowa. Mr. Posey transferred to Associate Member on April 10, 1939. 
2 Graduate Student, Dept. of Mechanics and Hydraulics, State Univ. of Iowa, Iowa City, Iowa. 

3*‘Hydraulics of the Miami Flood Control Project,’’ by Sherman M. Woodward, Technical Reports 
of the Miami Conservancy District, State of Ohio (1920), Part VII, Chapter XII, p. 286. 

4 Technical Reports of the Miami Conservancy District, Part V; also ‘‘Analysis of Run-Off Char- 
eta pete by Otto H. Meyer, Assoc. M. Am. Soc. C. E., Proceedings, Am. Soc. C. E., November, 1938, 
p. : 
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and further treatment is not necessary in this paper. Suffice to it say that 
the flood hydrograph used for the design is made somewhat greater than the 
maximum probable flood to provide a margin of safety. No matter how 
carefully this work is done, the design flood will have the kind of uncertainty 
that is attached to any prediction of future events. This sets a limit of accu- 
racy beyond which it is useless to carry subsequent computations. 

In order to determine the storage necessary to accomplish a desired reduc- 
tion of peak flood flow, it is necessary to route the design flood through the 
reservoir—that is, to compute the moderating effect of the reservoir storage 
upon the flood hydrograph. 

In general, flood-routing methods are of two types: 


(1) Step methods, in which the flood inflow hydrograph is divided into 
steps or time intervals of such short duration that during each one the inflow 
and outflow rates may be assumed to be constant. The actual depth-capacity 
data for the reservoir site are used and the discharge-depth relation must be © 
known. An irregular inflow hydrograph may be approximated, as closely as — 
desired, by using a large number of steps. : 

(2) Integration methods, in which the given flood hydrograph is replaced p 
by an equivalent flood of uniform intensity. The depth-capacity data are } 

“represented by an empirical formula. It is necessary to know only the ex- 
ponent and approximate zero-depth of the discharge-depth relation. 


The first step methods to be used required a trial-and-error solution of each 
step. Later, graphical methods were developed which eliminated this cut- 
and-try process.> Results of the step computations include the outflow and 
stage at the end of each step, so that step methods are well adapted for opera- 
tion studies. In application to functional design, however, step methods are 
indirect. It is necessary first to assume the size of the outlet. The corre- 
sponding maximum storage and maximum outflow are determined by means 
of routing computations. Another size of outlet is then assumed, and the 
process is repeated until the desired part of the curve representing the relation 
between storage and percentage reduction in flood peak has been obtained. 
On the other hand, integration methods give the storage required for a given 
maximum outflow directly, with considerable saving of time and labor.® 

Depth-Capacity Exponent.—The relation between depths and capacities in 
the reservoir may be represented by an empirical expression of the form 


= 1h acid, de deo hgolaaeanen 


in which: s is the storage capacity of the reservoir at a depth h; h is the dept 
of water above outlet; Cis a constant; and m is the ‘‘depth-capacity”’ exponent. 
For the determination of m, logarithmic plotting is used. The depths above 
outlet location (zero depth of the orifice type of outlet, or the crest of a wei 


type of outlet) are plotted as ordinates and the corresponding capacities as 
5 “Slide Rule for Routing Floods through Storage Reservoirs or Lakes,’ by C. J. Posey, Engineert 
News-Record, April 25, 1935, Vol. 114, p. 580. 


6 ‘‘Hydraulics of the Miami Conservancy District,” by Sherman M. Woodward, Technical Reports 6! 
the Miami Conservancy District, Part VII, Chapter VII. 
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abscissas. A straight line best fitting the plotted points is drawn. The 
exponent m is the reciprocal of the slope of the line, the slope being measured 
directly with a scale having uniformly spaced divisions, disregarding the » 
logarithmic scale of the plot. The constant C is not needed in the analysis. 

A similar procedure may be followed with the depth-area data, and the 
depth-capacity exponent found by integration of the empirical relation so 
determined. It is better, however, to determine the depth-capacity exponent 
directly, because integration of the empirical relation derived by logarithmic 
plotting is more likely to introduce error than numerical summation of the 
original survey data. 

In studying the depth-capacity curves for more than 250 reservoir sites, 
m was found to vary from 1.03 to 4.74, The following classification, given by 
R. A. Sutherland, Assoc. M. Am. Soc. C. E., was found to be justified.’ 


Classification Values of m 
ake liye sot eee ia LE BE 1.0 to 1.5 
Flood-plain and foothill type.......... 1.5 to 2.5 
FETAL iyo be eee eat ests ie ve east sonia S12 2.5 to 3.5 
Gorvetype. caches. vt RS Sk 3.5 to 4.5 


In almost all cases, the points lay very nearly along a straight line on the 
logarithmic plot. The use of the exponential formula to obtain capacities at 
higher levels than those for which survey data are available is inadvisable. 
For some sites, the logarithmic plot will follow a straight line over a con- 
siderable depth, and then deviate sharply to one side. For others, the points 
will lie on a curve. Since volumes near the bottom of the reservoir are rela- 
tively insignificant, it is important that the best straight line should fit the 
data at the higher levels most closely. If the straight line is a close approxima- 
tion to the data at higher levels, discrepancies at the lower levels can be 
ignored, with inappreciable error in the results. Some judgment is required 
in deciding whether the degree of approximation is satisfactory. No rigid rule 
can be formulated. In doubtful cases a check should be made by the step 
method. 

Equivalent Uniform Flood.—The equivalent uniform flood corresponding 
to a given irregular flood hydrograph is a flood of uniform intensity, having 
the same total inflow as the given flood, which will produce the same total 
amount of storage with the same maximum rate of outflow from the reservoir. 
It is possible to determine a uniform flood exactly equivalent to a given irregular 
flood by detailed routing computations. It has been found, however, that 
even for hydrographs differing considerably from rectangular, it is not difficult 
to select, arbitrarily, an equivalent uniform flood that will give results suffi- 
ciently accurate for design purposes. For example, consider the triangular 
flood shown in Fig. 1. This flood was routed by the step method through a 
reservoir (m = 2.5) with the orifice type of outlet. The maximum outflow 
reached was 5,160 acre-ft per hr and the maximum storage, 117,100 acre-ft. 


7Some Aspects of Water Conservation,”’ by R. A. Sutherland, Z’ransactions, Am. Soc. C. E., Vol. 96 
(1932), p. 164. 
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If the duration 7 of an equivalent uniform flood is assumed to be 40 hr, the 
intensity I should be equal to the total volume of the flood divided by 40, or 
7,320 acre-ft per hr. Routing this uniform flood through the reservoir by the 
step method the maximum rate of outflow reached was found to be 5,140 acre-ft 
per hr, which is very close to the value obtained for the triangular flood. 


12 100 Acre-Ft per Hr 


al =7 320 Acre-Ft per Hr 
| Equivalent Uniform 
x __ Flood 


>t 


100 Acre-Ft e 
per Hr 100 acre re 


Fic. 1—TrRianeuLtar FLoop anp EqurvALent Unirorm FLoop 


The error in the maximum outflow rate and the maximum storage, corre- 
sponding to different assumptions for the duration of the uniform flood, is 
givenin Tablel. Itisseen that any estimate for the duration of the equivalent 

TABLE 1.—Errors IN THE Maximum OUTFLOW RATE 
AND Maximum STORAGE 


Duration Inflow, J, ee 0 Percentage error Maximum Percentage error 
assumption, T,| in acre-feet BW nrenteetily in maximum storage, S, in maximum 
in hours per hour per hour outflow rate in acre-feet storage 
(1) (2) (3) (4) (S) (6) 
38 7,700 5,195 +0.68 121,000 +3.3 
40 7,320 5,140 —0.39 115,000 -1.8 
42 6,970 5,080 —1.55 108,000 —7.8 


uniform flood between.the values of 38 hr and 42 hr gives satisfactory accuracy, — 
in this case. Similar results from other comparisons made by the writers 
confirm the belief that arbitrary selection of equivalent uniform floods is not 
difficult. It should be remembered that there is considerable uncertainty in 
the shape and volume of the “design” hydrograph. 

Outflow Ratio—The outflow ratio, z, is the ratio of the maximum outflow 
from the reservoir to the uniform inflow of the rectangular flood. It is the 
same as the ‘‘protection ratio” defined by Mr. Woodward.®° The writers recom- 
mend that the name “protection ratio”’ be abandoned as misleading. The 
higher the value of this ratio, the greater the maximum outflow and the less 
the protection. 


THe DETENTION Ratio 


The detention ratio is the ratio of the maximum reservoir storage reached 
during the flood to the total volume of the uniform flood. By definition, then, 


S ! 
d= TR SO a ie ree raya MCN y nis AG (2) 
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in which d is the detention ratio, S is the maximum storage, and J T is the 
total volume of the uniform flood. The detention ratio is a function of the 
depth-capacity exponent, n, the outflow ratio, 2, and the exponent governing 
the discharge of the outlets. The writers have computed values of d over 
the practical range of the outflow ratio and depth-capacity exponent, for 
reservoirs with orifice-type outlets (Table 2(a)) and for reservoirs with weir- 


TABLE 2.—VALuES OF THE DETENTION RATIO FOR RESERVOIRS 


Values of m| « = 0.1 x = 0.2 x =0.3 c=0.4 az =0.5 x= 0.6 zx =0.7 xz =0.8 
(1) (2) (3) (4) (5) (6) (7) (8) (9) 


1.0 0.933 0.864 0.794 0.722 0.647 0.570 0.489 0.399 
1.5 0.925 0.848 0.771 0.692 0.611 0.528 0.441 0.348 
2.0 0.920 0.839 0.757 0.674 0.590 0.504 0.415 0.322 
2.5 0.916 0.832 0.748 0.662 0.575 0.488 0.397 0.303 
3.0 0.914 0.828 0.741 0.654 -565 0.476 0.384 0.290 . 
3.5 0.912 0.824 0.736 0.647 0.557 0.467 0.374 0.279 
4.0 0.911 0.822 0.732 0.642 0.551 0.460 0.366 0.271 
5.0 0.909 0.818 0.726 0.635 0.542 0.450 0.355 0.258 
6.0 0.908 0.815 0.722 0.630 0.536 0.442 0.347 0.250 


(b) Werr-Tyese Ovuriets 


1.0 0.959 0.916 0.870 0.822 0.769 0.710 0.645 0.567 
1.2 0.955 0.907 0.858 0.805 0.748 0.686 0.618 0.536 
1.4 0.951 0.900 0.846 0.790 0.730 0.665 0.593 0.509 
1.6 0.948 0.893 0.836 0.777 0.714 0.647 0.573 0.486 
1.8 0.945 0.887 0.828 0.766 0.700 0.632 0.555 0.467 
2.0 0.942 0.882 0.821 0.756 0.689 0.617 0.539 0.451 
2.2 0.940 0.878 0.814 0.748 0.679 0.605 0.525 0.437 
2.4 0.938 0.874 0.808 0.740 0.669 0.594 0.514 0.425 
2.6 0.936 0.870 0.803 0.734 0.661 0.585 0.504 0.414 
2.8 0.934 0.867 0.798 0.728 0.654 0.577 0.495 0.404 
3.0 0.933 0.864 0.794 0.722 0.647 0.569 0.486 0.395 
3.5 0.930 0.858 0.785 0.710 0.633 0.553 0.468 0.377 
4.0 0.927 0.853 0.777 0.700 0.621 0.539 0.453 0.362 
4.5 0.925 0.848 0.771 0.692 0.611 0.528 0.441 0.349 
5.0 0.923 0.844 0.766 0.685 0.603 0.519 0.431 0.338 
5.5 0.921 0.841 0.761 0.679 0.596 0.511 0.422 0.330 
6.0 0.920 0.839 0.757 0.674 0.590 0.504 0.415 0.322 


type outlets (Table 2(6)). The values of d were computed with the aid of the 
infinite series developed in the Appendix. They can be checked (indirectly) 
by any of the standard step methods. 

It is worth noting that for manually controlled outlets operated at 100% 
efficiency, 


ILLUSTRATIVE EXAMPLES 


The significance and utility of the detention ratio in the functional design 
of flood control reservoirs will be illustrated by two examples. 

Example 1.—Find the relation between the maximum outflow and the 
storage required for controlling a flood of 50,000 acre-ft in 24 hr by an orifice- 
outlet reservoir at reservoir site A, Fig. 2. The depth-capacity exponent for 


7 
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POP ae : F 50,000 
this site is 2.25. The average inflow is J = SioT ale 2,080 acre-ft per- hr. 


The computations are shown in Table 3, the column headings of which are 


| 
; 


TABLE 3.—Computations, EXAMPLE 1 


Storage required, 


MEN Sun ere GIRL, Detention ratio, d, ain orenteat 


Outflow ratio, x O = aT, in acre-feet fromigable 20a) 


per hour . (S = 50,000 d) 
(1) (2) (3) (4) 
0.4 835 0.668 33,400 
0.5 1,040 0.582 29,100 
0.6 1,250 0.496 24,800 
0.7 1,460 0.406 20,300 
0.8 1,670 0.312 15,600 


self-explanatory. The curve showing the relation between the maximum out- 
flow and the storage required can be plotted from the data in Columns (2) 
and (4). 
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Example 2—Assume that, for the same example, political or other non 
engineering reasons dictate that the maximum storage available shall be 
25,000 acre-ft. What is the maximum flood reduction which may be obtaine 
by the construction of a reservoir with an orifice type of outlet? By Equatio 
(2), d= a = 0.50. From Table 2(a)—for m = 2.25, and d = 0:5 
z = 0.605. Hence, the maximum outflow = «I = 0.605 X 2,080 = 1,2 
acre-{t per hr. If the weir type of outlet is used instead of the orifice type 
from Table 2(b)—for m = 2.25, and d = 0.50—a# = 0.725. Hence, the maxi 
mum outflow = 0.725 X 2,080 = 1,510 acre-ft per hr. 
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Manually-Controlled Outlets —There has been much argument as to the 
relative merits of manually-controlled and automatic (fixed) outlet structures 
for flood control reservoirs. Comparisons based upon items as difficult to ° 
evaluate as fallibility should be postponed until the relative economy has been 
investigated. Tabulated values of the detention ratio afford an easy approach 
to such study. For example, assume that reservoir site A of Example 1 is 
to be used to reduce the maximum outflow from a flood of 50,000 acre-ft in 
24 hr to 1,000 acre-ft per hr, and that the average cost of storage near the top 
of the reservoir is $30 per acre-ft. By interpolation in Table 3 the storage 

required, if orifice-type outlets are used, is found to be 29,900 acre-ft. With 
manually-controlled outlets, an efficiency of 100% could presumably be 
reached, in which case 25,900 acre-ft of storage would be required. The 
saving in storage is 4,000 acre-ft, representing $120,000. If manually-con- 
trolled outlets are to be economical, this $120,000 must exceed the capitalized 
cost of the maintenance and operation of the mechanical gates, plus or minus 
any difference in the original cost of the outlets. 
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APPENDIX 


Evaluation of the Detention Ratio.—The inflow into a retarding basin, during 

: a small interval of time, is equal to the sum of the outflow and storage during 

that interval of time, evaporation and percolation losses being neglected. 
Thus, 


G0 CE Sa Sh cee by ote cleo oe oe ee) 


in which: 7 = average inflow rate during the time dt; 0 = average outflow rate 
during the time dt; dt = a small increment of time; and ds = increment of 
storage capacity during the time dt. The outflow from a reservoir can be 
expressed in terms of the depth h: 


OLS Rs cc ha RE A Fe Pee en) 


in which n is 0.5 for the orifice type of outlet, and 1.5 for the weir type. The 
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storage capacity can be approximated by a monomial exponential function of 
the depth: ; 
ea OW Coe ee ee de NA ie ot. 6 (UL) 
so that 
G8" ="Cem Ve) dlia.a oes othe eee (6) 


Substituting these relations into Equation (4), 
td = Bindery Com We! diiecder snr nee (7) 


For a constant inflow, J, during the entire flood period, Equation (7) 
becomes 
Tet Bd a Gani ta Olen sen ee (8) 


Transposing and collecting like terms, 
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B n 
Nae a 
Equation (9) can be transformed into an infinite series by direct division, 
Cm m— B m+n— 
a= Ola 4 (B) ne 1 
B\ BY’ p 
AP mins 4 (2) _mtin= [an eto nt GO) 
Integrating, term by term, 
: Chin Tey fpiese 
ears (wees 
B\? ymtan “B\S jmtsn 
Substituting o = Bh*™ ands = Ch™ 
poem i, (eo eet aeos WN: Fe 
T, SA I}/m+n I} m+2n l) nee ae va yo 


At the end of the uniform flood, when the elapsed time has reached the 
value 7, the storage of water in the reservoir will have attained its maximum 
value S, and the outflow rate its maximum value O. At this instant, Equation 
(12) becomes 


S01) Al O 1 ON 1. On 1 
pase). (0) tale) awant(?) apt |-a9 
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If the ratio of the maximum outflow to the uniform inflow is denoted by 2, the 
“outflow ratio,” the total inflow during the flood period will be 


rr=sm(i4 i ae CGR aT to] ene (14) 


m mtn mt+t2n m+3n 


The total outflow during the reservoir-filling period, 7, is equal to the total 
inflow minus the maximum storage, 


aL EP S$. Be ed i ee in ee 
So e Sm( tote +t au?) 


The average outflow during the period 7 is 


eg 4s 
Sodt _ EEO nee mee ow ee 
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The ratio, r, of the average outflow to the maximum outflow is given by 


Unies Oye resier Fa OR Re REA FO TE EE (17) 
so that 
1 x ae 
ees ee (18) 
at a(S ee) oes aks 
m mtn mt+2n m+3n 


By factoring and direct division the following expression is obtained, which 
gives the limiting value of r as x approaches zero: 


n & 


m 
See bearers 


aati ui ca | Date ss, (19) 


es Ge ECE ae rie 


The detention ratio can be evaluated by substituting values of r into the 
equation 


which follows from the definitions of d, r, and z. Equations (18) and (20) 

were used in computing the values of the detention ratio given in Table 2. 
Time of Emptying.—The time required to empty a reservoir after the cessa- 

tion of the uniform flood is found by letting the inflow equal zero in Equation 
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(8), which then becomes 


Zero, =-Bihf dt Cm hsldhm, «gen. ene 
Transposing, 
Cont SS 
ih era Ahi. 1 ABest ee ee (22) 
Integrating, 
t Cm (* 
ik di - I ac dh (23) 
T H 
and, 
‘ 1 Cm m—n m—n 
bom Ea ae lel = i) | ae ae Ce 


except when m — n = zero. From Equation (24), 


Beeld moar WAR eas A Ee (25) 


The total time 7’ required to empty the basin after the uniform flood ceases 
-is found by letting o equal zero in Equation (25) and therefore 


r= ( uy \5 ode ge ae 
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GENERAL’ WEDGE “THEORY OF EARTH 
PRESSURE 


By KARL TERZAGHI,? M. Am. Soc. C. E. 


SYNOPSIS 


During the twenty years since the first World War the most important 
development in earth pressure theory has been the transition from the original 
theory of Coulomb to a broader concept called ‘‘the general wedge theory.” 

According to this theory the shape of the surface of sliding and the position . 
of the resultant earth pressure are a function of the degree and type of freedom 
for lateral expansion of the supported earth. Coulomb’s theory represents a 
special case of the general wedge theory. Its validity is limited to the pressure 
of earth on supports such as retaining walls whose lateral resistance is inde- 
pendent of their amount of yield. In every other case the general wedge 
theory should be used. The only condition required to make this theory 
valid is an almost complete mobilization of the shearing resistance of the 
supported earth within a continuous zone extending from the foot of the bank 
to its upper surface. This single requirement, however, is sufficient to exclude 
the general wedge theory (or any other theory involving the condition of 
incipient failure) from application to the pressure of soft clay or other highly 
elastic types of soil on the timbering of cuts or tunnels. 


GENERAL PRINCIPLES 


The essentials of the general wedge theory can be described as follows: 
If the lateral support of a mass of earth yields, a wedge-shaped body of earth 
descends toward the yielding support. Before this process begins, however, 
the weight, W, of the wedge (see Fig. 1), the resultant reaction, Ff’, along the 
surface of sliding, and the reaction P,, acting along the back of the lateral sup- 
port, must be in equilibrium, and the shearing resistance of the backfill must 
be almost completely mobilized within a continuous zone, extending from the 


Norre.—This paper was presented at the meeting of the Soil Mechanics and Foundations Division at 
Rochester, N. Y., on October 14, 1938. Written comments are invited for immediate publication; to in- 
sure publication, the last discussion should be submitted by February 15, 1939. 


1 Dr. Ing., Harvard Univ., Cambridge, Mass. 
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foot of the backfill to its upper surface. This broader concept of the general 
wedge theory involves no assumption concerning the shape of the surface of 
sliding and none concerning the location of the center of the resultant earth 
pressure. The surface of sliding must satisfy the condition that the correspond- 
ing reaction, P,, required to prevent the descent of the wedge, shall be a maxi- 
mum and that the yield of the lateral support shall be consistent with the con- 
ditions of stress and strain within the wedge. An analysis of the manner in 
which the lateral support yields, and the influence of this yield on the conditions 
of stress and strain in the wedge, was presented by the writer in 1936.2. This 
analysis led to the conclusion that the shape of the surface of sliding and the 
position of the resultant earth pressure are a function of the degree and type 
of freedom for lateral expansion of the supported earth. Depending on this 
degree of freedom, the surface of sliding can assume any shape intermediate 
between an inclined plane (Fig. 1(a)) and a conchoidal surface approaching a 
vertical asymptote (Fig. 1(d)). The center of the resultant earth pressure 
may be anywhere between 0.33 h and > 0.5 h, and the corresponding distribu- 


tion of the lateral pressure ranges between hydrostatic and roughly parabolic, 
as shown in Fig. 1. : 

In the general wedge theory, if the supplementary assumptions are intro- 
duced that the surface of sliding is plane and that the distribution of the pres- 
sures over both the back of the wall and the surface of sliding is hydrostatic, 
the result is the well-known earth pressure theory of Coulomb. Analogous 
to the introduction of these assumptions in the general wedge theory is the 
assumption that plane sections remain plane, which Navier introduced in the 
general theory of bending to obtain the simplified theory of bending. If this 
simplified theory is applied to the bending of short and very thick beams, 
erroneous results are obtained. Similarly, the theory of Coulomb leads to un- 
satisfactory results if the conditions of the problem are incompatible with the 
fundamental assumptions. 


2A Fundamental Fallacy in Earth Pressure Computations,” by Karl Terzaghi, Journal, Boston Soc. 
C. E., April, 1936. 
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In order to define the boundaries between the realm of validity of Coulomb’s 
original theory and that of the general wedge theory, the writer presents herein 
an analysis of the different conditions that are likely to influence the intensity ° 
and the distribution of the active earth pressure. For the sake of brevity the 
analysis is limited to the investigation of pressures exerted by cohesionless back- 
fills on vertical lateral supports. Neither the influence of surcharges nor that 
of percolating water on the lateral pressure will be taken into consideration. 


Wats Tirtrinc ArounD INNER LOWER EDGE 


If the back of a wall is perfectly frictionless and if, in addition, the wall 
yields by tilting around its lower edge, Coulomb’s assumptions are fully satisfied 
and the results obtained by his method are correct. This case is illustrated by 
Fig. l(a). If the back of the wall is rough, involving an angle of wall friction 6 
the forces that act on the wedge according to Coulomb’s theory are shown in 
Fig. 1(6), and the corresponding distribution of the lateral pressure over the 
back of the wall is hydrostatic. The forces shown in Fig. 1(6) fail to intersect 
in one point, which is incompatible with the fundamental conditions for the 
equilibrium of the wedge. This contradiction inherent in Coulomb’s theory is 
due to the fact that the lower part of the real surface of sliding is curved slightly: 
as shown in Fig. 1(c). The corresponding distribution of the lateral pressure 
is also hydrostatic. An accurate computation of the true shape of the surface 
of sliding and of the true intensity of the lateral pressure for the case illustrated 
by Fig. 1(c) was accomplished by Theodor von Kaérman, M. Am. Soe. C. E., in 
1926,’ by J. von Jaky in 1931,4 and by J. Ohde in 1938.5 These investigators 
used different methods, but the results are essentially identical. They demon- 
strate that the error involved in Coulomb’s theory does not exceed several 
per cent. For practical purposes such an error is without significance. 

Similar investigations have been conducted concerning passive earth pres- 
sure (resistance of sand against lateral displacement). When applied to a wall 
with a smooth and vertical back (Fig. 2(a)), Coulomb’s theory of passive earth 
pressure is strictly correct. On the other hand, if the theory is applied to a 
similar wall with a rough back, as shown in Fig. 2(b), Coulomb’s assumptions 
concerning the forces that act on the wedge are conspicuously in contradiction 
to the conditions for the equilibrium of the wedge. Both experiment and the 
advanced theories revealed by von Kdérmadn’ and von Jaky* demonstrate that 
the surface of sliding is curved as shown in Fig. 2(c). They also demonstrate 
that the error due to Coulomb’s assumptions may exceed 30%, provided the 
value of the angle of wall friction 6 approaches that of the angle of internal 
friction, @. Hence, if 6 exceeds several degrees, it is necessary to modify the 
theory by assuming that the sliding surface is not a plane. For all practical 
purposes, one can approximate the shape of the sliding surface by considering 
the lower portion as a segment of a logarithmic spiral and the upper portion 
as a straight line rising at an angle of (45 — 0.5 ¢)° to the horizontal, as shown 


3“Uber elastische Grenzzustinde,”’ by Theodor von Karmén, Proceedings, Second International 
Cong. for Applied Mechanics, Zurich, 1926. 

4“'Die klassische Erddrucktheorie. Veziigyi Kézlemenyek,” by J. von Jaky, Budapest, 1931. 

5‘'Zur Theorie des Erddruckes,”’ by J. Ohde, Die Bautechnik, 1938. 
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in Fig. 2(c).2 The position of the center of the spiral must be determined in 
such a manner that the corresponding value of the passive earth pressure is a 
minimum. The most convenient method for accomplishing this result is by 
trial. An accurate method of determining the shape of the surface of sliding 
was introduced in 1938 by Ohde.’ However, the application of this method 
requires considerable time and labor, and the difference between the results thus 
obtained and those obtained by means of the aforementioned approximate 
method does not exceed a few per cent. The assumption of a hydrostatic 
pressure distribution is reasonably correct, provided the wall advances toward 
the fill by tilting around the lower edge. 

Far more important than the errors due to the approximation regarding the 
shape of the surface of sliding are those due to the uncertainties concerning the 
angle of wall friction. Thus far the results of pertinent investigations seem to 
indicate that the angle between the resultant passive earth pressure and the 
normal to the wall is considerably smaller than the angle of friction between 


backfill and wall unless the state of stress in the mass of sand subject to the 
later pressure approaches the point of failure. Due to the important bearing 
of the subject of passive earth pressure on the stability of bulkheads, further 
experimental investigations concerning the angle of wall friction are urgently 
needed. 

In the cases illustrated by Fig. 1(a) to 1(c) the distribution of the active 
earth pressure over the back of the wall is hydrostatic. The theories which 
apply to these cases may also be used for computing the active earth pressure 
on retaining walls or other lateral supports which are capable of yielding inde- 
finitely without being weakened. Large-scale earth pressure tests made by the 
writer in 1929 demonstrated conclusively that the distribution of the lateral 
pressure of sand is always hydrostatic after the lateral support has yielded 
beyond a certain critical distance which depends on the height of the fill and 
on the character of the backfill.® 


s‘‘Targe Retaining Wall Tests. I. Pressure of Dry Sand,” by Karl Terzaghi, Engineering News- 
Record, February 1, 1934. 
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On the other hand, the capacity of the timbering in a cut to yield under 
pressure is very limited and in no case tan it be expected to reach the value of 
the yield required to induce a hydrostatic pressure distribution. For this ° 
reason it is necessary to consider the influence of a small yield of a lateral support 
under the conditions associated with excavation and timbering on the intensity 
and the distribution of the lateral pressure. 


TIMBERING OF EXCAVATIONS IN SAND 


As early as 1908, the late J.C. Meem, M. Am. Soc. C. E., on the basis of his 
experiences in subway construction in New York City, maintained that the 
distribution of the earth pressure over the timbering of cuts is decidedly non- 
hydrostatic, and that the surface of sliding intersects the surface of the bank 
at a right angle.’ His statements were corroborated by similar practical ex- 
periences described in 1920 by H. G. Moulton,’ M. Am. Soc. C. E. While 
making his large-scale earth pressure tests in 1929 the writer observed that the 
surface of sliding in the backfill of a sliding wall has an abnormally small radius 
of curvature and that the center of the earth pressure acts at an elevation of 
0.45 h above the base of a backfill with height h.6 In 1935 the writer demon- 
strated by theory, on the assumption of a plane surface of sliding, that the ' 
center of the active earth pressure may be at any elevation between 0.33 h and 
0.66 h above the base of the backfill, the exact position of this point depending 
on the degree of freedom of the supported earth to expand in a horizontal 
direction.» ° He also arrived at the conclusion that the type and degree of 
freedom for lateral expansion of a mass of sand during the process of excavation 
and, timbering is practically identical with that of a backfill behind a wall 
which yields by slight tilting around its upper edge. In 1938 Ohde published 
a method for computing the lateral pressure which corresponds to that type of 
a yield. He found for this case that the center of pressure should be at a height 
of 0.55 h above the base of the fill and that the lateral pressure is appreciably 
greater than the Coulomb pressure. The last mentioned fact can be expressed 
by an equation 


in which Pa, = horizontal component of the total lateral pressure; wm, = unit 
_ weight of the backfill; h = depth of the cut; k, = hydrostatic pressure ratio 
_ for Coulomb conditions; and C; = the wedge factor, a factor that expresses the 
influence of the state of strain in the wedge on the total intensity of the lateral 
‘pressure. 
The value of ka can be computed by means of Coulomb’s theory. It 
depends only on the angle of internal friction ¢, and on the angle of wall friction, 
6. The wedge factor C;, depends on the state of strain imposed on the wedge by 


7‘*The Bracing of Trenches and Tunnels, with Practical Formulas for Earth Pressures,’’ by the late 
J. C. Meem, Transactions, Am. Soc. C. E., Vol. LX, June, 1908, p. 1. 
5 8 cone and Rock Pressure,”’ by H. G. Moulton, Transactions, Am, Inst. of Mining and Metallurgical 
Ng., 5 
®“Distribution of the Lateral Pressure of Sand on the Timbering of Cuts,” by Karl Terzaghi, Pro- 
ceedings, International Conference on Soil Mechanics, Vol. I, Cambridge, Mass., 1936. 
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the lateral boundary conditions. It can be computed by means of Ohde’s 
theory, which is based on the assumption that the surface of sliding can be 
replaced by an arc of acircle. However, the method is far too complicated for 
universal practical application. For this reason the writer developed a sim- 
plified method of computation. It is based on the empirical facts that the 
surface of sliding intersects the horizontal surface of the bank at a right angle 
and that the center of the lateral pressure on the timbering of a cut witha depth — 
h in sand is somewhere between -an elevation of 0.50 h and 0.60 h above the 
bottom of the cut.. The agreement between Coulomb’s and von Karmén’s 
theory of the active earth pressure and between Ohde’s rigorous and simplified 
theory of the passive earth pressure prove that a moderate departure of the 


Fie. 3 


assumed shape of the surface of sliding from the real one has little influence on 
the results. In the case under consideration the writer found that the most 
convenient substitute for the real surface of sliding is a logarithmic spiral with 
the polar equation 


in which r = length of a vector through the center of the spiral; ro = length 
of an arbitrarily selected reference vector; « = base of natural logarithms; 
a = angle between r and 7», in radians; and, ¢ = angle of internal friction of 
the backfill. Fig. 3(a) shows such a spiral corresponding to Equation (2). 
It has the property that a vector r passing through the center of the spiral and 
any arbitrary point A, of the spiral intersects the tangent to the spiral in 
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point A, at an angle 90 — ¢. Asa consequence the angle between the vector r 
and the normal WN to the tangent in point A, is equal to the angle ¢ of internal 
friction. 

- In order to satisfy the boundary conditions of the problem, the spiral is 
oriented with reference to the face of the bank ab, Fig. 3(b), in such a manner 
that the spiral passes through the foot of the bank b, Fig. 3(b), and that it 
intersects the horizontal surface of the bank at a right angle, at an arbitrary 
distance (d) from the upper rim a. The angle of wall friction, 6, and the eleva- 
tion  h of the center of pressure are assumed to be known. The general wedge 
theory requires that the frictional resistance of the surface of sliding should be 
almost fully mobilized over the entire surface of sliding, bc in Fig. 3(b). Asa 
consequence the reaction, dF on each element of the sliding surface in Fig. 3(6) 
intersects the tangent to the surface of sliding at an angle 90 — ¢. According 
to Equation (2) every vector 7 also intersects the corresponding tangent at the 
same angle, 90 — ¢. All the vectors r pass through the center of the spiral 
(point O, Fig. 3(6)). Hence all the reactions (d/’) and the resultant reaction, 
(F), pass through point O. Force W due to the weight of the wedge abc 
passes through the center of gravity of area abc. Taking moments around 
the center of the spiral, the following formula is obtained as a condition for the 
equilibrium of wedge a bc: (Pa) (dp) = (W) (dw); 
ee 


The remainder of the investigation is practically identical with the graphical 
solutions of Coulomb’s theorem. Several spirals are assumed to intersect the 
horizontal surface of the bank at different distances (d) from the rim, a, of the 
cut. In order to facilitate tracing the spirals the writer plots Equation (2) 
on a piece of cardboard and cuts it out to be used as a pattern for tracing the 
spirals in the graph. For each one of these spirals he determines the corre- 
sponding value (P,) and plots these values as ordinates above a (c) in Fig. 3(0). 
Thus he obtains curve C. According to the well-known procedure for graphic 
earth pressure computations, the active earth pressure P, is equal to the ordinate 
of the highest point C; on curve C and the position of the corresponding surface 
of sliding is determined by point c beneath point ¢. 

One would expect the greatest error involved in the graphical method il- 
lustrated by Fig. 3 to occur when the method is applied to the computation of 
the active earth pressure on a wall, Fig. 1(b), which yields by tilting around its 
lower edge, because in this extreme case the surface of sliding does not resemble 
a logarithmic spiral. The corresponding numerical values are n = 4 and the 
wedge factor C;, = 1.0. By introducing into his computation the values tan 
@ = 0.6 and 6 = 0, the writer obtained C, = 0.94 instead of the correct value 
1.0. Curve S in Fig. 3(c) represents the curved sliding surface for this case and 
line 6 c is the corresponding surface of sliding obtained by means of Coulomb’s 
theory. In spite of the conspicuous difference between these two lines, the 
error does not exceed 6%. If the value of n is high, the surface of sliding 
actually has the shape assumed in the general wedge theory. Therefore the 
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error can be expected to be still smaller. For ¢ = 37°; 6 = 26°; and n = 0.6 
the computation furnished C, = 1.27 and for n = 0.50, C, = 1.18. In general 
the value C; increases with increasing values of n, ¢, and 6. 


FIELD MEASUREMENTS 


In order to check the writer’s theory as it applies to the lateral pressure ~ 
exerted on the timbering of excavations, the Siemens Bau Union, in 1936, 
measured the pressures in the struts of a 38-ft subway cut in Berlin, Germany. 
The sides of the cut consisted mostly of sand and fine gravel. Fig. 4(a) shows 


(a) CROSS SECTION (b) LONGITUDINAL SECTION 


a cross section through the cut, and Fig. 4(b) shows a longitudinal section. 
Before excavation was begun, two outer and three inner rows of I-beams were 
driven into the ground. In the outer rows the spacing was 6.5 ft, and in the © 
inner rows it was about 20 ft. As excavation proceeded, horizontal boards 
were inserted between the flanges of the steel beams of the outer rows. The 
struts were arranged so as to brace the steel beams of the outer rows against 
one another across the cut. After excavation was finished the lateral pressure 


Fie. 5 Fia. 6 


of the earth was taken by four sets of struts. In every set the average hori- 
zontal distance between the struts was 6.5 ft. The vertical distance ,between 
the sets decreased from the top set to the bottom set. Each strut consisted of 
four pieces bearing against the web of horizontal channels and fastened to the 
steel I-beams of the inner rows. The distance between the webs of each pair of 
channels was maintained by means of wooden spacers (a, in Fig. 5). 
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In order to measure the axial pressure in a strut, two small hydraulic jacks 
were inserted between the channels (Fig. 5(b)) on both sides of the spacer. 
Then the jack pressure was increased gradually and the corresponding increase, 
Al, of the distance J, between points 1 and 2 was measured. The relation 
between the total jack pressure, P;, and the corresponding values of Al are 
shown in Fig. 6. As long as the pressure exerted by the jacks is less than the 
pressure in the strut, the jacks merely relieve the pressure in the spacer without 
changing the pressure in the long sections of the strut.1° The corresponding 
increase of the distance between points 1 and 2 is slight, as shown by the steep 
rise of section I of the (P; — Al)-line in Fig. 6. However, as soon as the jack 


pressure exceeds the pressure in the struts, the pressure in the long sections of 
the strut increases and, consequently, the deflectometer readings increase 
rapidly (see flat section II of the (P; — Al)-line in Fig. 6). The pressure that 
acted in the strut before the jack pressure was applied is determined by the 
ordinate of the point of intersection of the vertical axis of the graph in Fig. 6, 
and the prolongation of section II of the (P; — Al)-line. Fig. 7 is a view of the 
test arrangement,!? in which ‘‘1’’ represents the struts, ‘2’? the spacer, “a” 
the jacks, “4” the extensometer, and ‘5’ the channels. 

The measurements were made in the struts at six places (4 to 7, and 9 to 10 
in Fig. 8) in a section of the cut 360 ft long. At profiles 1 to 3 the measurements 


10 ‘*Mitteilung oe die Messung der Krifte in einer Baugrubenaussteifung,” by A. Spilker, Die Bau- 
technik, 1937, Heft 1 
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were limited to the top strut and at profile 8 to the second strut from the top. 
Fig. 9 shows the results of some of the measurements. 

In order to discover whether the frictional resistance of the supported banks 
had been mobilized, a comparison was made by the writer between the theoreti-- 
cal value and the measured value of the total pressure in the struts at the dif- 


ferent sections. For this purpose, Equation (1) was used. The unit weight of 
the sand!° was 1.7 tons per cu m, the angle of internal friction @ was 37°, and the 
angle of wall friction 6 was 26°. The values of the angles ¢ and 6 undoubtedly 
were estimated and not measured. Due to the absence of fine material, the 
cohesion was negligible. 

With the numerical values mentioned, Coulomb’s theory yields the value 
ka = 0.204; and, from the general wedge theory, C, = 1.22. The computa- 

tions, according to the general wedge theory, yield a theoretical value for the 

; total lateral pressure which is an 
average of 25% greater than the 
value obtained from the measure- 
ments. These findings seem to in- 
dicate that the angle of internal 
friction of the supported material 
was appreciably greater than the 
estimated value of 37° (at least 
41°), and that the shearing resis- 
tance of the supported banks was 
almost fully mobilized, satisfying — 
the only fundamental requirement — 
of the general wedge theory. 

According to the general wedge 
theory for the pressure of sand on 
timbering in excavations, the dis- 
tribution of the pressure over the 
lateral support should be more or 


cada less parabolic, having a maximum 
pressure at approximately half the 


depth of the cut. This conclusion is fully substantiated by the results of the 
measurements shown in Fig. 9. 

The data shown in Fig. 9 also indicate the magnitude of the deviations of the 
true pressure distribution from the statistical and theoretical average. Accord- 
ing to the geological profile of the cut, the supported banks are fairly uniform. 
Hence, it seems most likely that the observed variations are essentially due to 
accidental variations in the procedure followed in constructing the timber work. 
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Foremost among these variations is undoubtedly the variation in the force 
with which the wedges were driven. Another cause may be the local variations 
in the density of the supported material, because such variations are likely to 
induce local arching. This might account for the unusual shape of pressure 
curve 4 in Fig. 8. On the other hand, the location of the center of the lateral 
earth pressure was quite remarkably consistent. It varied between the rela- 
tively narrow limits of 0.53 h and 0.60 h above the bottom of the cut. The 
most frequent values were between 0.53 h and 0.55 Ah. 

These variations must be considered inevitable. For this reason the writer 
has always insisted that ample margin be provided for possible scattering. In 
Fig. 9 this margin is indicated by the trapezoid A BC D. If h indicates the 
depth of the cut and P., the horizontal component of the total lateral. pressure 
Jean 

h 
that the observed variations are at least as large as those which are taken care 
of by the suggested margin. 


on the timbering, the width of the trapezoid is equal to 1.4 


Fig. 9 shows 


FLEXIBLE BULKHEADS 


. Another problem of outstanding practical importance concerns the earth 
pressure exerted on flexible bulkheads. The total earth pressure can be ex- 
pected to be equal to that which acts on the back of a yielding, non-flexible 
retaining wall; but the distribution of the pressure is quite different, because the 
lateral bulging induces a concentration of the pressures in the vicinity of the 
upper and the lower support at the expense of the pressure on the middle, 
yielding part (see Fig. 1(e)). This fact seems to have been noticed for the first 
time by Danish engineers. When examining some of their century-old bulk- 
heads they found out by computation that these bulkheads could not possibly 
stand the lateral pressure of the supported earth unless the distribution of the 


_ pressure is similar to that shown in Fig. 1(e).11 This observation led to a radical 


revision of the Danish specifications for the design of bulkheads. In a case 
of sheet-pile computations which came to the attention of the writer, the value 
for the maximum bending moment obtained by means of the Danish method 
was about one half the value obtained on the basis of Coulomb’s theory. The 
economy inherent in the application of this procedure is obvious. 

In 1936 P. R. N. Stroyer published the results of experiments with flexible 
steel bulkheads supporting dry sand backfills 3 ft deep.’ The results of these 
tests can also be explained only on the assumption that the distribution of the 
lateral pressure over the bulkheads was such as that shown in Fig. 1(e), which 
in turn requires intense ‘‘arching”’ within the sand behind the bulkhead. Some 
engineers still seem to believe that the arching effect is a temporary phenomenon, 
destined to disappear in time. The Danish experience mentioned previously 


4 “Calcul des murs de quai,” by G. Schgnweller, Proceedings, World Eng. Cong., Rept. No. 416, 
Tokyo, 1929. 

2 “'Forelobige Regler for Beregning af Jaernbetonkonstruktioner i Vandbygning,” published by the 
Dansk Ingeniérforening (no date); see also ‘‘Ztschr. des stiind. Verb. intern. Schiffahrtskongr.,”’ No. 7, 
January, 1929. 

13‘‘Harth Pressure on Flexible Walls,” by P. R. N. Stroyer, Paper No. 5024, Journal, Inst. C. E., 
November, 1935 (discussion of this paper by the writer, January 1936). 
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represents one of many empirical facts which invalidate this pessimistic opinion. 
Some of the Danish bulkheads were exposed for centuries to the pounding of 
waves, and for decades to heavy traffic, without the distribution of the lateral 
pressure becoming “hydrostatic.” 

The arching between the upper and the lower support of flexible bulkheads 
eliminates Coulomb’s theory from application to bulkhead problems. The 
influence of the lateral deflection on the location of the center of pressure is 
not yet known. Undoubtedly, it depends not only on the type of backfill 
and on the flexibility of the wall, but also on the distance through which the 
upper and the lower support of the bulkhead are capable of yielding and on 
the density of the backfill. 

Because of the outstanding practical importance of the problem, the writer 
advised the Soil Mechanics and Foundations Division of the Society to include 
it in its research program. The variables to be considered in such an experi- 
mental investigation are: (a) Degree of fixation of the lower part of the bulk- 
head, (b) position of the upper support (anchorage) with reference to the top of 
the backfill, (c) yield of the anchorage, (d) deflection of the flexible part of 
the bulkhead with reference to a plane through the upper and lower supports, 
and (e) the relative density of the backfill. Investigations of this kind could 
be made in a well-equipped earth-pressure laboratory at a small expense for 
additional special equipment. It would also be advisable to include in the 
program the measurement of the deflection of full-sized bulkheads, to compute 
the corresponding bending moments and to supplement the results of the 
measurements by determining the physical properties of the backfill. 


PRESSURE EXERTED BY COHESIVE HARTH 


For cohesive soils the general wedge theory is based on Coulomhb’s equation 
for the shearing resistance, s, of cohesive soils. In this empirical equation, 


c is Coulomb’s cohesion value, p is the unit pressure normal to the surface of 
sliding, and ¢ is Coulomb’s angle of internal friction. However, there are many 
conditions under which Equation (4) does not give even approximate values. 
Hence, at the very best, it should be considered a crude approximation to ~ 
reality. If used without careful discrimination, it can be seriously misleading.14 
For cohesive soils, the influence of the type of yield of the lateral support on 
the location of the center of pressure, and on the distribution of the lateral 
pressure, is still more important than it is for cohesionless ones. If the lateral 
support yields by tilting around its lower edge, one must anticipate a hydro- 
static pressure distribution, beginning at some depth below the upper edge. 
Above this depth the soil can stand without any lateral support. On the other 
hand, if the lateral expansion of the wedge increases with depth (as it does dur- 
ing the excavation of a timbered cut) the heavy pressure acts on the upper part 
of the timbering, whereas the lowest part of the sides can be left without any 


4*‘Hinfluss des Porenwasserdruckes auf den Scherwiderstand der Tone,”’ by Karl Terzaghi, Deutsche 
Wasserwirtschaft, 1938, Heft 8/9. 
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support. These facts can be demonstrated easily by means of the theory of 
arching.? By analogy with reference to the theory of cohesionless soils, one 
may also conclude, in accordance with experience, that the section through the 
surface of sliding should start with a vertical tangent at the surface of the bank 
and descend toward the foot of the bank with a very marked curvature. Hence, 
there is no contradiction between the general wedge theory and experience, 
provided the yield of the lateral support is sufficient to mobilize the major 
part of the shearing resistance of the supported banks. 

This mobilization of the shearing resistance, however, can only be antici- 
pated in comparatively dense strata of sandy soils. If the soil is fairly elastic, 
as is the case for plastic or soft clay, the lateral expansion of the sides of the cut 
during excavation and timbering can scarcely be expected to result in mobilizing 
more than a fraction of the shearing resistance of the supported material. In 
this case the intensity of the lateral pressure of the earth must be greater than 
the value obtained by means of the general wedge theory. The importance of 
the difference depends on the elastic properties of the supported soil, the dis- 
tance through which the material can yield during the process of excavation 
and timbering, the state of stress that existed in the earth before excavation was 
begun, and on the time factor. Because of the difficulties connected with 
evaluating these many variables, and the complicated elastic properties of 
cohesive soils, the prospects of predicting the lateral pressure successfully by 
theory are slight. A substantial advancement of pertinent knowledge can be 
expected only from actual measurement of the pressure in the braces in cuts 
through different clay soils, and subsequent correlation of the results with the 
physical properties of the materials encountered in the cuts in which the mea- 
surements were made. A satisfactory method for making such measurements is 
described herein, and illustrated by Figs. 5 to 7. If steel beams are used to 
support the sides of a cut, the pressure in the struts can be determined by means 
of a strain gage such as the Whittemore strain gage. The reference points 
should be placed and their distance recorded before the beams are lowered into 
the cut. 

On account of the appalling scarcity of published information concerning 
the pressure of clay on timbering in excavations, the results of every reliable 
observation regarding this subject should be considered important. Therefore 
the writer has requested the Soil Mechanics and Foundations Division to collect 
such data and to promote the measurement of the pressure on the timbering in 
excavations wherever there is an opportunity to do so. The results thus 
obtained could not fail to produce a radical revision of the specifications for the 
computation of earth pressure under such conditions. 
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SEWAGE DISPOSAL PROJECT OF BUFFALO, 
NEW YORK 


By SAMUEL A. GREELEY, M. Am. Soc. C. Et 


SYNOPSIS 


The purpose of this paper is to make of record, with proper explanation, 
some of the engineering data accumulated during the design and construction 
of the sewage disposal project of Buffalo, N. Y. During the three years 1936 
to 1939, the Buffalo Sewer Authority completed the construction of intercepting | 
Sewers, sewage treatment works, and storm-water relief sewers, at a total proj- 
ect cost of $15,000,000. The sewage disposal works were placed in operation 
toward the end of June, 1938. 


GENERAL STATEMENT 


The Buffalo Sewer Authority was created by a special act of the Senate and 
Assembly of the State of New York and became a law April 8, 1935. The five 
members of the Authority were first appointed in June, 1935, and later in the 
year, on December 7, the Authority appointed the organization which was to 
serve as designing and supervising engineers. Meanwhile, on June 18, the 
Authority made application to the Federal Emergency Administration of 
Public Works for a loan and grant, in the amount of $15,000,000, to aid 


“* * * in financing the construction of a system of trunk, intercepting 
and connecting, lateral and outlet sewers, storm water drains, pumping 
and ventilating stations, disposal or treatment plants or works, and other 
appliances and structures to provide an effectual and advantageous means 
for relieving Niagara River, Buffalo River and Lake Erie from pollution 
by the sewage and waste of the City of Buffalo and relieving the City of 
Buffalo from inadequate sanitary and storm water drainage and for the 
sanitary disposal or treatment of the sewage of the City of Buffalo.” 


The estimates of cost in this application included construction work in the 
sum of $18,200,000, and a sum of $1,800,000 to cover preliminary expenses, 
land and right of way, engineering, interest during construction, legal, and 
administrative costs. The proposed storm-water relief sewers were for the 
Bird Avenue Sewer District only. 


._Nors.—Written comments are invited for immediate publication; to insure publication the last 
discussion should be submitted by February 15, 1940. 
1 Greeley & Hansen, Chicago, Ill. 
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The first investigation of the sewage disposal problem of Buffalo was made 
between 1909 and 1918 by the International Joint Commission in connection 
with an investigation of the pollution of boundary waters. The conclusions 
stated in their final report are briefly summarized as follows: 


“Tt is advisable to consider the Niagara and Detroit Rivers as a class 
by themselves, so far as remedial and preventive systems are concerned. 
As has been stated, the most serious condition existing is the bacterial 
pollution of these streams. ‘To remedy this evil, sewage treatment should 
be applied in connection with dilution so far as is necessary to bring their 
waters to the standard mentioned—a mean annual cross-sectional average 
of B. coli not exceeding 500 per 100c.c. This necessary sewage purification 
can be effected by fine screening or sedimentation, and when necessary by 
chemical disinfection, at a cost which will impose no unreasonable burden 
upon the urban community responsible for the present pollution.” 


Furthermore, it has been clear for a number of years that the waterways 
within the city limits of Buffalo have been grossly polluted, including Buffalo 
River, Buffalo Harbor, and Black Rock Harbor. The function of the sewage 
disposal part of the project, therefore, is threefold, as follows: 


(a) To relieve Buffalo River and its immediate tributaries from undue 

- pollution; : 
(b) To relieve Buffalo and Black Rock Harbors from undue pollution; and, 
(c) To remove contamination from Niagara River and to reduce the bac- — 

terial content of its waters in order to avoid placing an undue pollutional load — 

on water purification works of communities below Buffalo which derive their — 

water supply from the Niagara River. | 


A number of the existing sewers had also been overloaded and much in need 
of relief. As this was especially true of the existing sewers in the Bird Avenue 
District, it was decided to include storm-water relief sewers for this sewer 
district in the project. 

Action for undertaking the project was stimulated by the orders of the 
New York State Department of Health, issued in March, 1934, which required 
that during 1935 the City of Buffalo must engage engineers, take steps to 
acquire land on which to construct sewage treatment works, submit plans for 
the Bird Avenue storm-relief drains, and make a satisfactorily comprehensive 
general plan for interception and treatment of the entire sanitary sewage of 
the city. Detailed plans and specifications for a substantial part of the work 
were required to be completed by April 1, 1936, and construction work started 
on or before July 1, 1986. The order required that the treatment works be 
completed and placed in operation on or before October 1, 1987. 

Actual construction work was begun on a part of the Bird Avenue storm- 
water relief drains in December, 1935, and a contract for borings, which ulti- 
mately required the expenditure of about $38,000, was started in January, 
1936. The first major construction contract went into actual construction in 
June, 1936, under bids which had been advertised on April 23, 1936. An 
average monthly rate of construction was maintained during twenty-two 
consecutive months (from August, 1936, through May, 1938) of $547,000. 
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Tue City or Burrato, New York 


Buffalo is situated along the eastern shores of Lake Erie and the Niagara 
River (see Fig. 1). The southern part of the city is cut by the Buffalo River 
which extends from the harbor in a southeasterly and easterly direction. Much 
of the area tributary to Buffalo River is occupied by industries, and this is the 
principal manufacturing district of the city. Scajaquada Creek flows in an east 
and west direction through the northerly part of the city and is used to form 
Park Lake in Delaware Park. The northerly part of the city is much more 
residential in character. The population of Buffalo by the United States 
Census Bureau, and its estimated probable growth, is as follows: 


Estimated 
Year Population Year population 
LEV evegeied Saheb bs 88 18,213 194 ON cekcpntstesere 670,000 
SSO sre tiie. 1a. Paes 42,261 L950 Ae haben eee 765,000 
US Cee ticer tp Dect ee 81,129 LOGODY Macht om 860,000 
TRS AO een, ree ee 117,714 1970. 5h See 955,000 
SSO te needs. 2a 155,134 TOSO. Cook Serer 1,050,000 
Teo ae. eee 255,664 198m), 2 eee 1,100,000 
TOG ese 2 Phe 352,387 
forge ss ee, 423,715 
LO2ZORER Se a ae ee 506,775 
OSOR TH ec 573,076 


The total area in 1930 was 26,980 acres and the density of population was 21.3 
persons per acre. It was thought likely that the area of the city might be 
extended somewhat to the north and east in the distant future with the larger - 
populations, but this does not influence the plans. The length of the city in a 
north and south direction is 8.6 miles and the width in an east and west direction 
is about 5 miles. 
The average temperature and precipitation at Buffalo are indicated in- 
Table 1 which is a summary of data from the U. S. Weather Bureau. The 


TABLE 1—Mersrorotoeicat Dara; Burrato, N. Y. 


Sep- No- | De- 
eats Jan- | Feb- |,, a _| Au- Oc- = £ 
Description many maeay March] April} May | June | July zust tere kober ee bea Total 


Temperature*......| 25.4 | 24.0 | 31.8 | 42.5 | 54.0 | 64.5 | 69.9 | 68.7 | 62.6 | 51.4 | 39.4 | 29.4 | 47.0 
Precipitationt.....| 3.23) 2.74) 2.68] 2.53) 2.85) 2.88) 2.99] 2.81] 2.88] 3.20) 2.98) 3.21) 34.98 
Prevailing windt....| W | SW | SW | SW | SW | SW | Sw | SW | SW | SW | W Ww | SW 


* Average temperature, in degrees Fahrenheit. + Average total precipitation, in inches. ~ Ww 
= westerly; SW = southwesterly. 


Weather Bureau also reports that the prevailing winds are southwesterly 
except during November, December, and January, when westerly winds 
prevail. 

Existing SEWERS 


Practically all the sewers of Buffalo are on the combined plan, their total 
length being about 710 miles. The first sewers were built prior to 1850; 
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during the 5-yr period prior to 1855, 23 miles were constructed; and in the 
5-yr period prior to 1895, 139 miles were built. Thus, the existing sewers of 
Buffalo have been in service, in general, for many years. At present (1939) 
there are about 62 outlets, all of which have now been connected to the new 
intercepting sewers. 

The city is divided topographically into two parts, one draining naturally to 
the Buffalo River and the other directly to Black Rock Harbor and the Niagara 
River. With a few exceptions, the main drainage system has developed along 
these natural lines. In the area north of the lower part of the Buffalo River, 
a system of canals formerly connected with the old Erie Canal. Some of the 
city sewers discharged into these canals, which have been covered over and 

“serve as storm overflow sewers. Except in the case of District VII (see Fig. 1), 
the sewers of Buffalo are on the so-called combined system, with sewage and 
storm water carried in the same sewers. In District VII the dry-weather 
flow is confined in part to a separate system of sewers and conducted to the 
Hamburg Street Pumping Station. This station contains a steam power 
plant with three horizontal, centrifugal pumps, driven by steam engines. 
It was formerly operated in conjunction with a refuse incinerator, which has 
not been used in regular operation since before 1929. 

Conditions in the harbor, the canals, and the Buffalo River became objec- 
tionable at an early date, and to alleviate this pollution, the so-called Swan 
Trunk Sewer was built in 1883. This sewer, with a later extension, runs 
roughly parallel to the Buffalo River and the harbor from Bailey Avenue to 
Albany Street, where it passes under Black Rock Harbor to the Niagara River. 
It is 8 ft in diameter for most of its length, and was designed as an intercepting 
sewer to receive the dry-weather flow from all the area north of Buffalo River 
and south of the Bird Avenue sewer district. It also receives the discharge of 
the Hamburg Street Pumping Station. In later years it has been much over- 
loaded and, especially near the upper end, overflows have been frequent or 
sometimes continuous during dry weather. The capacity of this sewer is 
utilized in the new intercepting sewer system. 

| The population and industries adjacent to Buffalo River have continued to 

‘discharge their sewage into the sluggish waters of the river. Nearly all the 
large industries along Buffalo River have private sewers directly to the river. 

There are several small areas, chiefly in small separate municipalities, 
outside the present city limits which discharge sewage into the Buffalo sewers, 
amounting in the total to about 1,000 acres, with a population of about 13,000. 

The characteristics of the major sewer districts of Buffalo are as shown in 
Table 2. 


WATERWAYS 


The waterways of Buffalo pertinent to the sewage disposal project are (see 
Fig. 1): Niagara River, Buffalo Harbor, Black Rock Harbor, Buffalo River, 
Cazenovia Creek, and Scajaquada Creek. 

Niagara River—The drainage area of the Niagara River, at the outlet of » 
Lake Erie, is about 175,000 sq miles. Based on records of the U. S. Lake 
Survey, the average discharge is 203,000 cu ft per sec. A discharge of 176,000 
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cu ft per sec is exceeded 90% of the time. The minimum monthly average 
discharge of record (142,000 cu ft per sec) occurred in February, 1934; and the 
maximum discharge (251,000 cu ft per sec) occurred in June, 1876. Thus the 
discharge is relatively large and uniform. 

The elevation of the water surface of the Niagara River opposite the sewage 
treatment plant on Bird Island covers quite a range. It is estimated that an 
elevation of — 9.7 (Buffalo City Datum) is exceeded on the average for 99% 


TABLE 2.—CHARACTERISTICS AND ESTIMATED AVERAGE SEWER QUANTITIES; 
Marin SEWER Districts 


EstIMaTED 
PopuLaTion, |AREA, IN ACRES 
tN THOUSANDS 


EstimaTED AVERAGE 
Sewace Flow 


District 
No. (see District 
Fig. 1) 1930 1985 


Megd*| Ged¢| Mgd*| Gedt 
@ (2) (3) (4) (5) © | M | ® | © 


I Ontario-Hertel . 91.2| 232.5] 4,470] 6,920] 17.1] 187 | 37.4} 161 
Il Bird Avenue... 159.7 | 304.5 | 5,770| 8,760} 244] 154 | 404] 133 
II Albany Street... --| 32.9 50.0 860 86 3.4} 103 5.4] 108 
IV bake Shote-¢ occ. pyeueten no adse 31.9 46.0 730 730 5.1| 160 9.0} 196 
a Genesee Street..............--- 33.0 40.5 9.4] 285 | 10.2] 252 
VI Michigan-Emslie. .............- 55.3 68.7 | 1,060| 1,060} 10.3] 186 | 13.8] 201 
Vil Hamburg Street See Station} 20.3 14.0 760 760 7.8) 384 8.1] 578 
Vill Fillmore-Babcock . 65.3 77.2 | 2,365] 2,365] 20.8] 318 | 25.0] 324 
Ix Bailey Avenue 40.2} 150.8] 2,145] 4,830] 10.5| 261 | 28.6] 190 
x South Buffalo... . 43.2} 115.8] 2,410} 4,140] 13.3] 308 | 27.3] 236 
Parks. ete. ...... 7 ae ee Ge 1,220 | 1,220 a tS 32 ee ee 
Water area . Soh Pte sae. 1,840) 1,840 |i noubesk. Be 2a eee 
Other non-sewered areas. - ahs Vee Gata 2,550,| 2,550 | ..2. fsa. dee eee 
fa nS a Se re 573.0 |1,100.0 | 26,980 | 35,835 | 122.1 | 213 | 205.2} 186 


* Med = million gallons daily. 7 Ged = gallons per capita per day. 


of the time and an elevation of — 5.7 is exceeded for only 1% of the time. 
Extraordinary fluctuations in the level of Lake Erie cause momentary peaks in 
the water level in the river at Bird Island much higher than the foregoing. 
Thus an elevation of + 2.0 is reached, on the average, once in three years, 
and an elevation of + 5. 0 has an estimated frequency of occurrence of once in 
fifty years. 

Below Buffalo, the Niagara River is used as a water supply by Tonawanda, 
North Tonawanda, Lockport, Niagara Falls, Youngstown, and Fort Niagara, in 
New York, with a total population of about 150,000, and by the cities of Fort 
Erie and Niagara Falls in Canada. There is an increasing use of the water for 
recreation, including boating, fishing, summer homes, and some bathing, mainl 
limited, at present, to the Canadian shore and to the westerly shore of Grand 
Island. The average number of B. coli per cubic centimeter at the Niagar 
Falls water-works intake was 36.7 in 1936 and 27.5 in 1937, with individu 
samples as high as 240. The analyses of the Sewer Authority laboratory sho 
as great a concentration as 2,400 B. coli per cu cm in the most contaminated 
sections of the river downstream from Buffalo. The lowest content of di 
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solved oxygen found during the river surveys of the Buffalo Sewer Authority 
in July, 1936, was 6.0 ppm. 

Buffalo Harbor.—Buffalo Harbor is made artificially by breakwaters in Lake ° 
Erie. Little sewage is discharged directly into Buffalo Harbor and it has not 
been an important factor in the design of the project. 

Black Rock Harbor.—On the other hand, Black Rock Harbor has received a 
considerable quantity of sewage and was seriously polluted. In fact, it is a 
waterway connecting the New York State Barge Canal with Buffalo Harbor 
and is relatively long and narrow, having the shape more of a canal than of a 
harbor. Its length is 16,500 ft, the area of an average cross section is 8,800 
sq ft, its surface area is 8,100,000 sq ft, and it has a liquid volume at mean 
depth of 140,000,000 cu ft. Some circulation (about 100 cu ft per sec) is 
maintained by the operation of a small outlet at the lower or northerly end of 
the harbor and by operation of the lock. Variations in the level of Lake Erie 
also have a marked effect in mixing relatively unpolluted lake water with the 
harbor water, especially in the upper or southerly end. 

The principal source of pollution of Black Rock Harbor was the Bird 
Avenue outlet which discharged about 25.0 mgd of sewage into the harbor about 
3,000 ft south of its lower end. This is about 20% of the sewage of the entire 
city. An indication of the effect of this pollution is given by the data in 
Table 3. 


TABLE 3.—AnatysEs oF Buack Rock Harspor WATER, FROM INDIVIDUAL 
GRAB SAMPLES 


Av Ferry STREET Ar NortH Enp 


Date Dissolved oxygen, 5-day B.O.D., Dissolved oxygen, 5-day B.O.D., 
percentage in parts per percentage in parts per 
of saturation million of saturation million 
1936 
JET eee Res mato 78 ye 0 28 
MARV 20 el eryacatagccriens 2 79 15.0 re 16 
August) 25. ccais os < 69 4.3 0 22 
September 30........ “51 2.8 0 31 
December 3......... 59 8.1 4 28 
1937 
JEMUATY. 5). °.. .aiefe eas 32 4.3 12 30 
February 2.......... 44 11.0 19 19 
1356) 0 ee ee er 60 4.6 13 3 
PATS Oietetascecns pais .8% 32 5.2 0 30 
INTE Dich ay Seb Niwa ahi cs.oe 10 5.9 (0) 39 
June 2 16 2.3 (0) 22 
ACR AY eae oar 0 66 1.3 0 6 
August 3. 62 nae 0 5.4 
September. ge 40 2.6 0 25 
October 5. hii 61 1.0 0 25 
November 9......... 28 oe 0 Peer 
December 7......... 47 4.6 0 39 


Buffalo River and Cazenovia Creek,—Buftfalo River and its main tributary, 


Cazenovia Creek, have a drainage area of 436 sq miles. 
record of gagings of the quantity of water flowing in Buffalo River. 


There is no continuous 


However, 


the U. 8. Geological Survey has a record of routine gagings on Cattaraugus 
Creek, the drainage area of which is adjacent to that of Buffalo River and 


includes 488 sq miles. 


Using the Cattaraugus Creek gagings as a basis, the 
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discharge of Buffalo River has been computed as follows: 


sec is exceeded 90% of the time. 


Dissolved Oxygen (Percentage of Saturation) 


cated were determined by actual gagings on the dates of the surveys. 


Annual average 


Period 


Discharge, in cubic feet 


per second 


sn ion eee: erst obec akeeretees 650 
Average from May 1 to October 31 
Annual median 


Papers 


A discharge of 100 cu ft per sec is exceeded 90% of the time for the year as 
a whole, and for the period from May 1 to October 31, a discharge of 80 cu ft per 


100 


Mar. 9, 1937; 920 


50 


o———0 Dissolved Oxygen 
1 Omae=ee<0 Biochemical Oxygen 


Demand 


‘ 


— 


” 
° 
oo 


ye ee 


May 6, 1937; 320 
Cu Ft per Sec 


oa 
oO 


Bo 


July 7, 1937; 160 
Cu Ft per Sec 


= 
ee 


on 
oO 


~ 
o 
oo 


Sept. 8, 1937; 110 
Cu Ft per Sec 


5-Day Biochemical Oxygen Demand, in Parts per Million 


nN 
i) 


Nov. 9, 1937; 450 
Cu Ft per Sec 


Jan. 4, 1938; 760 
Cu Ft per Sec 


3 4 5 
Distance From Mouth of River, in Miles 
Fic. 2.—Conpitions 1n Burrato River 


Fig. 2 shows the dissolved oxygen and the 5-day bio-chemical oxygen 
demand for five typical river surveys during 1937. The river discharges indi- 


During 


the surveys of May, July, and September the dissolved oxygen was practically 
exhausted. 
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Scajaquada Creek.—Flowing through the northerly section of the city into 
Black Rock Harbor, Scajaquada Creek has a drainage area of 24 sq miles. 
Where it flows through Delaware Park, it has been dammed to form a small 
lake. Due to the pollution of waters of the creek, sludge deposits in this lake 
have caused objectionable odor conditions in the past. The section of the 
creek between the east city limits and Main Street has been enclosed in a 
large reinforced concrete drain. 


ENGINEERING AND LABORATORY WoRK 


Much field engineering work was required to be done promptly, including 
surveys for design and for the acquisition of land and rights of way, investiga- 
tions of the best location for intercepting sewers, the supervision of borings, 
examination and gaging of existing sewers, and planning and organizing a 
laboratory. Much useful work was accomplished through the laboratory, in 
determining sewage quantities and characteristics and the condition of the 
water in many of the waterways. Studies and reports were made on most of 
the larger industries. Investigation of the industrial sewages of Buffalo was a 
major item of the engineering and laboratory work. 

During two periods in 1936 (May 14 to 27 and August 5 to 22), and one in 
1937 (July 13 to August 28), several of the large sewers were gaged and sampled 
to determine the dry-weather characteristics of the sewage. The 1937 study 
was the most extensive and all the following data refer to it. Each sewer 
was sampled for a period of 8 to 10 days. Chlorine demand was determined ~ 


TABLE 4.—Summary or 1937 Srupies or SewaGe CHARACTERISTICS 
BasED ON GAGINGS AND ANALYSES 


ANALYTICAL Resuts, IN Parts 
PER MILLION 
Aver- Po- 
: . age ten- 
4 eae hea a sewage Vol- ae 
ewer see . ow, in of hy- 
Fig. 1) [82% 9) popu- | ition Bus= [Yop | 6-day Chlo-\"aro- 
acres | lation ons Total | pend- B.O.D.: Alka-| rine pon 
ooail solids} eq | 5U8- 30°C’ linity| de- D Z 
4 solids pends mand 
solids 
Bailey Avenue...... IX 2,100 | 40,000 9.95 594] 98 68 132 219 3.6 | 7.4 
Babcock Street... .. VILIt 400 2,000 4.70 | 1930] 472 | 375 498 296 | 28.4] 8.8 
Fillmore Avenue....| WVIIIt 1,350 | 53,000 9.30] 661] 183 | 146 225° | 207 | 10.56} 7.1 
Emslie Street...... VIt 550 | 32,000 6.10 639 | 186 | 153 238 180 | 13.4 | 7.0 
Swan Trunk*....... IVtoIX] 7,200 | 235,000} 49.41 596 | 171 | 134 168 190 8.1) 7 
Albany Street...... IIl 860 | 33,000 C05 Rinewes er | ee? Pe 205 Fite AY ial hee 
Bird Avenue....... II 5,340 | 143,000} 24.53 533 | 145 } 101 162 177 4.2} 7.1 
Totalafs:s.:... 13,400 | 411,000} 77.69 
Estimate for the 
entire city...,... 21,370 | 573,000 | 110 hee diae||) «LBS vi lgeatvecs 148 pte, 7.3 
* This sewer includes the flow from all the first four. + The total includes only the last three items— 
see preceding footnote. } In part. 


on separate samples collected at bi-hourly intervals. Bacterial analyses were 
made on two samples daily. All other determinations were made on 24-hr 
composites, built up from samples taken at 15-min intervals and proportioned 
according to sewage flow. Table 4 gives the results of this work. The sewage 
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quantities were determined from measuring the head on weirs built in the 
sewers. 

During 1936, investigations were made as to the effect of storms on the 
quantity of suspended solids in the sewage, with special attention to the charac- 
teristics of the first flushings, which would be taken to the treatment works. 
In all, some 150 samples were collected, in twelve studies. 

The effect of storm runoff on suspended solids is indicated by the study of 
the Bird Avenue Sewer, results of which are given in Table 5. 


TABLE 5.—Errect or Storm RUNOFF ON SUSPENDED SOLips; 
Brrp AVENUE SEWER 


(a) Aveusr 19, 1936; ToraL 


Rawrann,/ 055) LN, (b) SpprpMBerR 23, 1936; Locat SHownR . 
Suspended Suspended Suspended 

Time Sewage flow, solids, in Time Sewage flow, solids, in Time Sewage flow, solids, in 
@an) | 28 million parts per (p.m.) | 2 million Ate per (p.m.) | 2 million arteaen 
P-M.) |eallons daily amon P-m.) |sallons daily Pel P.M.) |eallons daily ellion 

() (2) (3) (1) (2) (3) (1) (2) (3) 

5:30 25.3 208 7:30 28.5 9:00 38.0 532 

6:30 120.6 964 7:50 32.8 204 9:15 34.7 600 

7:30 104.0 1,220 8:05 41.9 132 9:30 33.0 300 

8:30 56.7 696 8:15 46.2 508 9:45 32.8 252 

9:30 37.6 364 8:30 46.6 704 10:15 31.0 208 
10:30 28.6 172 8:45 43.1 844 

’ ' 
Monthly surveys of Niagara River have been made since June, 1936. 


During the summer months, when the use of a boat was possible, samples were 
taken at six different cross sections of the river between the site of the treatment 
plant and the lower end of Grand Island, immediately upstream from the ~ 
intake of the Niagara Falls water works. About forty stations were sampled 
at these times. During winter months, samples were obtained only from the 
two Grand Island bridges, a total of thirteen stations. Analyses were made of 
each sample to determine the numbers of B. coli and of total bacteria on 
agar-agar at 37° C. On a few occasions, determinations were also made of 
dissolved oxygen (D.O.), bio-chemical oxygen demand (B.O.D.), solids, nitro- 1 
gen, oxygen consumed, alkalinity, and chlorides. 

Daily bacterial analyses of the raw water at the Niagara Falls filter plant 
have been made for the Buffalo Sewer Authority since May, 19386. Two 
studies were also made to determine the hourly variations in bacterial content 
of the river water at this point. 

Monthly samples from about ten points along the Buffalo River and 
Cazenovia Creek have been collected and analyzed since April, 1936. The 
stream discharge and temperature are determined and the following analyses 
made: Potential of hydrogen, dissolved oxygen, bio-chemical oxygen demand, 
total solids, suspended solids, oxygen consumed, total nitrogen, chlorides, 
alkalinity, 37° bacteria, and B. coli. Samples at special locations and for 
special purposes are collected at various times. 
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On each of the Buffalo River surveys samples were also collected and 
analyzed from the following points in the harbors: City Ship Canal at Michigan 
Avenue, mouth of Buffalo River, Black Rock Harbor at Ferry Street and at ° 
Bridge Street. 

Occasional studies have been undertaken to determine conditions in the 
Scajaquada Drain and in Park Lake, with particular attention to sludge 
deposits and the rate of digestion. Many other more or less extensive investi- 
gations have been made covering the chlorine demand of the sewage, hourly 
‘variations in sewage characteristics, analyses of materials used in construc- 
tion, etc. 

INDUSTRIES 


Buffalo has a relatively large number of industries which produce sewage. 
Many of these are situated in the southerly part of the city which drains 
naturally to Buffalo River. Some of the larger plants discharge directly into 
Buffalo River and do not use the sewers. The chemical industries form an 
important group, including seven major plants, among which are those of the 
General Chemical Company and the National Analine and Chemical Company. 
There are two relatively large coal coking plants, one of which has been closed. 
There are twenty-four meat packing plants, eleven breweries, fifteen dairies, 
eight oil handling and refining plants, five rubber reclaiming plants, and five 
tanneries. 

Many of these industrial establishments have been surveyed and the 
quantities and characteristics of the sewage determined by gagings and analyses. 
It has been considered that the sewage from some of the industries is not 
likely to be readily amenable to treatment. It has thus been desirable to 
undertake a cooperative program with the industries for the removal of pollu- 
tion from the Buffalo River and from the sewers of the city. This program 
has proceeded on a satisfactory basis. Properly, it has not been developed 
until the later steps of construction and the early steps of operation of the treat- 


ment plant. 
StorM-WaTER RELIEF SEWERS 


Storm-water relief sewers were planned to serve the Bird Avenue sewer 
district which has an area of 5,490 acres. The main sewer for this district 
was inadequate throughout its length, especially the section above Main 
Street, which has capacities, in its several sections, of only 166 to 665 (ged), 

based on estimated 1985 populations. Overflows had been built from this 
sewer into the Scajaquada Drain, a large sewer which, more or less, is parallel 
to the Ferry Street sewer to the north. This caused the pollution of Park 
Lake in Delaware Park. Several lateral sewers in this area were also of 
insufficient capacity, especially that in Michigan Avenue. 

Storm-water relief sewers were planned for a rate of rainfall estimated to 
occur once in ten years. A runoff coefficient of 0.60 was used for the area 
within the city limits and of 0.22 for rural areas outside of Buffalo. The 
size of the necessary relief sewers ranged from 3.5 to 12.0 ft in diameter. The 
total cost of the storm-water relief sewers was $2,330,000. Plans and specifica- 
tions for this part of the project were prepared by the City Sewer Department. 
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INTERCEPTING SEWERS 


Intercepting sewers were designed to serve a future population of 1,100,000. 
The average quantity of sewage of each of the ten major sewer districts (see 
Fig. 1) was estimated as shown in Table 2. The unit quantities used in com- 
puting these sewage flows are as follows: 


Unit rates of average 
sewage flow 


Gallons per capita per 24 hr; domestic............ 70 
Gallons per Acre per 24 Hr: 
Industrial 
Norther Buffalo (eee orcas: os ak ane 10,000 
Hast Buttalosat Saga wae, cet eee 12,000 
South Bafialos tes d4eue. oie aoe 4 aoe, Se 10,000 
Gommiercialyesh, 20 ex Pat dae: Oe 20,000 
Infiltration 
North Buttalotye ams fee ote eae ene O00) 
ASG SUE Ly, Seon te ord She cee eee 2,000 


South Butialoneaceest coco te eh ee eee 4,000 | 


A summary of the estimated average sewage quantities, in million gallons ) 
daily, is as follows: . 


Description 1930 1985 
DOMestics Mei. tae: . Tee ie ed 77.0 
Industrial ea sab)... etn aol O 52.0 
Commerciale hs eh AAP 16.0 24.0 
Infiltration... wees sue een 2454: 5212 
TOtelswerte ae ae cee mares 1221 205.2 
Totals, in gallons per 
-capita per day...... Pale 186 


For the design of sewers and structures serving only part of the city, the 
estimated average sewage quantities were increased by factors to allow for a 
different distribution of the future growth than that estimated. These factors 
varied with the size of the area served and with the estimated density of popu- 
lation, having a maximum value of 1.5. The factors were applied to the 
domestic, industrial, and commercial quantities, but not to the infiltration. 

For area that will overflow to the Buffalo River the intercepting sewer 
capacities were based on 3.0 times the estimated 1985 average flow, and for all 
other areas on 2.5 times the estimated 1985 average flow. 

Based on rainfall records and a runoff coefficient of 60%, a computatio 
was made to indicate approximately the number and duration of overflows o! 
combined sewage into the waterways. No very exact computation was 
attempted, but the approximate results are given in Table 6. A proportion 
the total sewage flow varying from about one third of one per cent, in the nea: 
future, up to almost one and one third per cent in 1985 will be overflowed durin: 
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rain storms. Kutter’s formula, with n = 0.018, was used in determining the 
capacity of all the intercepting sewers. 

Careful studies were made to determine the economical balance between the 


size and slope of the intercepting sewer and pumping costs. In order to utilize 


TABLE 6.—EstiMaTED FREQUENCY AND DURATION OF OVERFLOW FROM 
INTERCEPTING SEWERS FOR THE S1x SumMER Monrus, 
May To OcToBER 


Inter- AveracE Dry- Avpracs Dry- AveRAGE Dry- 
cepting WEATHER FLow; WEATHER FLow; WEATHER FrLow; 
sewer Population 150 GALLONS PER 200 GALLONS PER 250 GALLONS PER 
capacity, density Capira PER Day Capita PER Day Carita PER Day 
in gallons per acre 
per capita 
per day Number of | Hours of Number of | Hours of Number of | Hours of 
overflows overflow overflows overflow overflows overflow 
400 20 95 230 104 257 
30 83 187 90 211 98 245 
40 76 161 82 180 90 211 
50 69 135 76 161 83 187 
60 63 117 70 140 79 168 
600 20 ay xt 168 82 181 86 195 
30 66 127 70 140 74 153 
40 56 101 61 112 65 124 
50 49 83 53 93 57 103 
60 42 71 47 79 51 89 
800 20 68 132 70 140 73 147 
30 54 95 56 101 59 107 
40 44 75 47 79 49 85 
50 37 58 40 64 42 69 
60 32 47 34 52 37 57 
1,000 20 59 106 61 111 63 116 
30 45 74 47 59 49 83 
40 36 56 37 60 39 63 
50 29 43 31 AT 33 50 
60 ° | 24 32 26 35 28 39 


all the head available and at the same time keep the sewer below existing and 
future utilities, much of the main intercepting sewer was built at a flatter grade 
than the slope of the hydraulic gradient at maximum flow, so that at times 
of storm the 11-ft and 9-ft portions of the sewer will operate with the hydraulic 
gradient as much as 2.5 ft above the crown of the sewer. 

A condensed profile of the main intercepting sewer is shown in Fig. 3, and 
typical sections of the intercepting sewer are shown in Fig. 4. Asshown on the 
profile, the capacity of the sewer varies from 367 to 1,047 ged, with the higher 
capacities along the Buffalo River. 

For sewers between 3.5 ft and 7 ft in diameter, bidders were allowed to 
choose any one of four sections: Monolithic concrete, reinforced concrete pipe, 
brick, and segmental tile. Reinforced concrete pipé (types A and H, Fig. 4) 
was the choice of bidders in every case, except for monolithic concrete (type B) 
for earth tunnel in division 0, Fig. 3. 

For rock tunnels the horseshoe shape (type C) was used, with a plain 
concrete lining having a minimum thickness of 8 in. For the larger sewers in 
open cut, the semi-elliptical section was chosen after extensive investigations of 
the relative economy of several sections. Drawings of types D, E, and G in 
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Fig. 4 show the sizes and dimensions used. ‘Standard’ sections were used for 
shallow cuts where no extraordinary loading was anticipated. ‘Heavy’ 
sections were used for deep cuts or where other heavy loads were anticipated, 
such as from railroad tracks. The entire length of the 11.5-ft, type D section 
in the abandoned Erie Canal was designed for heavy loads to provide for a 
proposed relocation of main-line tracks of the New York Central Railroad. 


¥ et ered 


Reinforced 
Concrete Pipe 
2 5" 
f b ry 
= 
™ 
+ 
7 Teale 
! o 2) 4''2' 4" 2'3" 
IN FIRM GROUND IN SOFT GROUND TYPE B TYPE C 
EARTH TUNNEL ROCK TUNNEL 
# nbaa Thicknesses Shown 
are Minimum 


ROCK EARTH ROC EARTH 
TYPE D FOUNDATION FOUNDATION FOUNDATION FOUNDATION 
STANDARD SECTION HEAVY SECTION 


py” TYPE F 
EARTH TUNNEL 


Fic. 4.—Tyricat Sewer Secrions 
(Att Monourruic Sections Excupr Type C Conrarn Sreev REINFORCEMENT) 


Many special structures were required. Near Bailey Avenue, in the 
southeastern part of the city, is the South Buffalo pumping station, equipped 
with four vertical centrifugal pumps having a total rated capacity of 100 med. 
A tunnel crossing under the Buffalo River leads to this pumping station. It 
comprises two conduits, one 36 in. in diameter and the other, a rectangular 
section, 4 ft by 6.5 ft. The main crossing under Black Rock Harbor to the 
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Sewage Treatment Plant comprises two conduits, each 8 ft in diameter. Some 
55 intercepting and regulating chambers were built, as well as a large number of 
special structures including creek and sewer crossings, junction chambers, and 
several lateral separate sewers. 

The estimated final construction cost of the intercepting sewers (exclusive of 
unsettled claims) may be summarized as follows: 


Main intercepting sewer............. $5,254,000 
Branch sewers... ial. Seeeac oa omens 516,000 
South Buffalo pumping station....... 223,000 
Harborrerossing ya. nee tener cee 414,000 

otal) ee eee ee eet se 0S 0-4 0h OOD) 


The cost of the Main Intercepting Sewer is made up of $4,703,000 for the 
sewer line proper, including manholes, sheeting left in place, rock excavation, 
paving, handling utilities, etc.; and $551,000 for special structures, such as 
intercepting chambers, junction chambers, and river and creek crossings. The 
sum of $4,703,000 is itemized, as shown in Table 7. 


TABLE 7.—Main Invercerting SEWER; Over-ALL Cost or Smwers, In- 
cLuDING MaNHOLEs, SHEETING, Rock, PAveMENT, Utititins, Erc., 
But Not Inctupine SpEcIAL STRUCTURES 


Con- Cost, in Con- Cost, in 
tract Type Si Length, | dollars, tract Type Si Length, | dollars, 

Division (see in f os in linear per Division (see 5 feat in linear per 
(see Fig. 4) ee feet linear (see Fig. 4) feet linear 

Fig. 3) foot Fig. 3) foot 

(1) (2) (3) (4) (5) (1) (2) (3) (4) (5) 
P A 6.5 2,059 51.70 K E* 11.0 5,074 145.30 
P A 7.0 4,578 41.60 K Et 11.0 1,273 148.75 
oO B 6.5 1,049 132.10 K Et 11.0 1,176 120.40 
0 Cc 6.5 1,407 93.00 K ES 11.0 490 252.20 
10) Cc 8.0 1,877 104.20 K ¥ 11.0 1,410 260.00 
oO Cc 11.0 504 147.10 L ii* 11.0 1,989 92.70 
N Cc 9.0 5,720 97.90 L Et 11.0 2,864 73.60 
H D 11.5 8,582 80.50 L Et 11.0 105 105.80 
M A 6.5 495 58.60 L E§ 11.0 85 135.90 
M H 3.5 9,680 28.90 L F 11.0 370 136.60 
oP Riel a L G. 9.0 2,909 69.50 
L A 6.5 1,375 57.90 


* Standard section, rock foundation. {Standard section, earth foundation. + Heavy section, rock 
foundation. § Heavy section, earth foundation. 


Main Pumpine STATION AND SEWAGE TREATMENT PLANT 


By special permission of the City of Buffalo, the State of New York, and the 
United States, the sewage treatment plant is situated on Bird Island, along the 
west boundary of the city and somewhat north of the east and west center 
line. The major bases of design are as follows: 


Bases of Design 
1. Population: 
1 Ree Re ee Arc 3 A Sm SR eS hee 600,000 
TO BQ ca ite Ae LOAN 1s MTA Ae PU REN ae 640,000 
LOBOS PRE, SOSH: BAT: PON A, se eee eee 750,000 
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maximum flows it is 50%.) 
Quantities of Grit: 


4. Grit Chambers: 


Velocity, in feet per second: 


Suspended Solids Removed and To Be Wipbsed Ae 


Period Percentage removal 
IAN CLA. ite ny cuckoo tee: 48.0 
Maximum 

24 hr... 38.4 
2 days. 38.4 
3 days. ee a OOS 

INiomthitanar aren ae ce 40.0 


Cubic yards per 


Period million gallons 
(Aivierage Sy aida tat. Atte Gils de 0.15 
Maximum 

DAA EMT ae oy «Ss sot ns 3 suaut 1.0 
Month. 0.25 


Basis of design, in million gallons daily......... 
Number of units or channels................-- 
Average depth of sewage, in feet.............-...555. 
Then gibdn. feeb aechimendty: 4 hich lclstara. mie dah, ON 
Wadth. inifeet ariqtebivancrcrt wil t-te? ae acres 


Maxime) ee peewee | ao Gaines oH Aare 
INES TITERATE IE oe woe each Set Makareicte is suotetelss Des. thus a 
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2. Sewage Quantities (All in Million Gallons Daily): 
Capacity of intercepting sewer (1985)................. 563 
Capacity of main pumping station.................... 570 
1950 basis (population 750,000) 
A VET AZ CME ave ssl ois COC ee See ee ees 150 
Maximum: 
Clarification and disinfection units........... 570 
Gonahitiseece nt accccic kOe ane eee LO 
4-hr maximum. 2044 )oeas ae deuteieee. Slee 570 
24-hrymMaxiMuUMist cuss he wgH eee iee eo 9 450 
2-day Madu, . sevahiipeemeL paege © 9s EOD 
S-CAypIMARIUVULI ge eee ae cele ee OU 
Waxiininemonth:; 1A ..nee 22 ut tes ae eee 
Minimum (for less than one hour)................ 80 
Near future basis (population 640 000): 
IA MCL AL Ole Mame Rein « cite. < Ben eMep Nee GAR o) eck L era's, sighs tileps 128 
Minimum (for less than one hour)................ 65 
3. Sewage Characteristics: 
Suspended Solids in Raw Sewage Average (1950): 
PAT Supere mill OnmecwMatakh v=, dacprisisia hae. acs 31a dels tete 180 
Pounds per capita per 24 hr. Pisacs 0.3 


Pounds per 24 hr 


108,000 


448,000 
351,000 
278,000 
135,000 


(Assume that, as a yearly average, the volatile matter is 70% 
of the total suspended solids and that at times of 


Cubic yards 
per 24 hr 


22.5 
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5. Screens: 
Coarse trash racks with bar-spacing of 5.5 in. 
Bar screens mechanically cleaned with clear spacing of bars at 
0.75 in. 
6. Sedimentation Tanks: 
Displacement period at average flow of: 


ELOUTSIA ARS Oe cee ere CPSP aes Mee ce 1.33 
Minutes 32) sei Steiacy eee nue soe d ad eee 80.00 
7. Raw Sludge Quantities: ‘ 
Percentage of moisture in sludge...................... 96 
Other quantities: 
Gallons of wet Pounds of dry 
Period sludge per 24 hr solids per 24 hr 
TAVERAGC Let ia eeicite es 324,000 108,000 
Maximum 
PLUG Dea apeate oe eer eran 1,345,000 448,000 
Didayeeee eee leOoe O00) ‘ 351,000 
BON o55 cosodn ab bs 0Oi). 278,000 
Maximum month....... 405,000 135,000 


(Assumed weight of wet sludge, 62.5 lb per cu ft) 


Chemicals for conditioning raw sludge, in pounds per 100 lb 
of dry solids: 


Average Maximum 
Ferric chloride (100%)........ 2.0 3.0 
Ihinte! (CaO) Aina eee 8.0 12.0 


A general plan of the sewage treatment plant is shown in Fig. 5 and a profile 
showing the high-water and low-water hydraulic grade lines is shown in Fig. 6. 
The elevations in Fig. 6 are referred to Buffalo City Datum, which is 575.89 ft . 
above mean tide at New York, N. Y. (1903 level adjustment, U. S. Army ~ 
Engineers). The gradients show that, 


(a) With river level at — 5.7 and with a sewage flow of 570 mgd, 330 mgd 
will be discharged through the submerged outlet and 240 mgd through the 
overflow weir; 

(b) With river level at — 9.7 and with a sewage flow of 570 mgd, 500 mgd 
will be discharged through the submerged outlet and 70 mgd through the 
overflow weir; 

(c) With river level at — 5.7, sewage flows of as much as 225 mgd will be 
discharged through the submerged outlet, without overflow; and, | 

(d) With river level at — 9.7, sewage flows of as much as 470 mgd will be 
discharged through the submerged outlet, without overflow. 


The treatment plant occupies a somewhat triangular shaped site, having an 
area of 23.0 acres. At the southerly end is the main pumping station which 
lifts the sewage about 23 ft at average sewage flow. The sewage then flows by 
gravity through a screen and grit chamber, venturi meters, aerated channels, 
four sedimentation tanks, and a submerged outfall to the Niagara River. 
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The pumping building contains six vertical, close-coupled, centrifugal 

_ pumps, each with a rated capacity of 100 mgd and a low-head capacity of 120 

mgd. The total capacity of the pumping station is thus somewhat more than ° 

- that of the intercepting sewer system. Two of the pumps are fitted with two- 
speed motors to assist in uniform regulation of flow into the sedimentation tanks. 

There are twelve grit chambers. Each pair operates as a unit with one bar 
screen and pump, and there are no cross connections between these units. 
Screenings are discharged into grinders and returned thence to the sewage. 
The grit chambers proper are 60 ft long and 10 ft wide; and they have an 
average liquid depth of 10 ft. 

After leaving the grit chambers, sewage flows through two conduits under 
the main building, each conduit having a venturi tube. Following the venturi 
tubes, the two conduits are equipped with plates and piping for aerating the 
sewage. ‘This section of the conduits is 285 ft long and traverses a part of the 
site left open, for the present, to provide for future structures. Chlorine is 

added to the sewage at the far end of these aerated conduits near the sedi- 
mentation tanks. The chlorination equipment is housed in the main building. 

The sewage then flows through a by-pass and control chamber to four 
_ circular sedimentation tanks which provide a displacement period of 80 min at. 
rated capacity. Each of these sedimentation tanks is 160 ft in diameter, and 
_ the side-water depth is 14.5 ft. Effluent from the sedimentation tanks flows 
into the Niagara River about 200 ft from shore, at a depth of about 40 ft. 

! The suspended solids are pumped from the sedimentation tanks to four 
sludge storage tanks, having a total capacity of 750,000 cu ft, or 1.0 cu ft per 
capita. Each tank is 90 ft in diameter, with side and center depths of 27 ft 
and 38 ft, respectively. Hach of the tanks is equipped with a floating cover. 

In the center of the space occupied by the sludge storage tanks is a building 
that houses sludge pumping and control equipment with provision for the 
delivery of sludge at given rates into one or all of the four tanks, the transfer of 
sludge from one tank to another, and to the sludge-disposal building (see 
Fig. 5). 

The sludge disposal building contains three de-watering filters of the vacuum 
type, three flash-type sludge incinerators, and the boiler plant for heating the 
sludge storage tanks and all buildings. Each drum filter is 11.5 ft in diameter 
and 14 ft long, with a filtering area of 500 sq ft. It is estimated that these 
filters will de-water the sludge to a moisture content of 70%, at the average rate 
of 5.0 lb of dry solids per sq ft per hr when conditioned with about 2.0% ferric 
chloride and 8.0% lime (expressed as CaO). 

Sludge cake from the filters is discharged on to a belt conveyer extending the 
length of the building which, in turn, discharges to a cross conveyer where the 
sludge is weighed and elevated to another longitudinal conveyer which delivers 
it to the sludge incinerator units. 

Sludge cake, mixed with previously dried sludge, is delivered to flash dryers 
in the sludge incinerators; thence it is blown into the furnaces for combustion. 
‘Any deficiency in heat units is made up by burning oil or gas. The sludge 
incinerators include ash-removal equipment, fly ash cyclones, and other 
appurtenances. Each of the three incinerators has a rated capacity of 100 


: 
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tons of sludge cake (containing 70% moisture) per 24 hr. Two of the inciner- 
ation units will probably be sufficient to dispose of the average quantity of 
sludge. 

The various features of the sewage treatment plant are connected by a 
service tunnel along one side of which the main ventilating duct is constructed. 
The several parts and buildings of the plant where sewage is exposed are 
provided with large ventilating fans which withdraw air and discharge it into 
this main ventilating duct. The chimney of the treatment plant, rising 175 fit 
above the ground, is actually two concentric ducts. The inner of these is for 
the hot gases from the sludge incinerators and the boiler plant, and the outer, or 
annular one, is for ventilation and receives the air blown through the main 
ventilating duct. 

The main building houses the office and laboratory, garage, machine shop, ~ 
blowers for the aerated conduits, chlorine equipment, and the plant water — 
supply, including pumps and elevated tank. A flow diagram of the sewage ~ 
treatment plant is shown in Fig. 7(a), and of a sludge incineration unit in 
Fig. 7(6). 

The approximate total cost of the main sewage pumping station and sewage 
treatment plant was $4,378,891, distributed as follows: 


Contract division Total cost 
PreparatiONjOs, SIbe 22425 dni PERS eee ae $ 166,867 
Pumping station and grit chamber............ 914,429 
Sedimentationgeanks 4c bahay cae <P 4o)t ee eee 772,921 
BumpingiequipMment: yb» aenbe etc. Se eee 324,000 
Blectrical works ago). 2. eke B42) Beh oh gee ae ae 115,537 
DlviGs Pater jake hele o Seta te ce a ee oe 49,375 
Sludge de-watering equipment........+....... 74,965 
Incmeratiomequipmientignk: ada~-ker pases een 257,500 
Sludge disposal building..................... 298,670 
Sludge stotage tanks <2: -aae2 2 3-= ne see 414,807 
Brickistacksieas sn br eon oae een eet ee rae 28,881 
Blectricalwork2, 2 4.44-se- pee eaece os betes 35,978 
Boiler plant equipment... . 0... .22 S65. fetus 69,314 
Outiall structing: f.n.60c Mt aes oie ea. 102,897 
Main building, service tunnels, sewage conduits, 
and meters Ah nsrancc pede es ative wns 600,546 
Tracks yk uss ee ae caer ea ae 13,266 
Yard water piping equipment................. 22,327 
Roads'and jwalks. 26 aieyoP hats ae wet) fad ton t 54,941 
Wall around sedimentation tanks............. 16,670 
Landscaping. 7 i nccnedeee Oo cis io. a eas 20,000 
Miscellaneous informal bids. ................. 25,000 
Total on. f.0 so peyton esa a ratg eee $4,378,891 


The part of this total sum required for sewage treatment is about $3,500,000, 
which is equivalent to $4.67 per capita or $23,300 per mgd of design capacity. 
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A summary of the estimated final costs for the major divisions of the sewage 
treatment plant construction is shownin Table 8. For the most part, bids were 
received on a unit price basis. Table 8 shows the high and the low bids of the 
successful bidders and a weighted average for each kind of construction for 
which unit price bids were received. 


TABLE 8.—Summary or Brps on Unit Price Items, By SuccessruL BrppErs; 
SEWAGE TREATMENT PLANT 


je Description High Low a 
1 Earth excavation, in cubic YOPES e565 oe Sere mae sees 6 $ 4.00 $ 1.00 $ 2.90 
2 Rock excavation, in cubic yards.................00000- 15.00 5.00 13.28 
3 Selected fill; in cubic yardsis. Fs. ile ccs tics Baa 6)s neste s'e 3.00 1.00 2.22 
4 Embankment, in‘oubieyards).<.. 2 ces. soe ee Oe alge ee 0.70 0.40 0.512 
Sheeting Left in Place: 
5 Wood, in thousand feet, board measure............. 60.00 25.00 52.67 
6 Steel, in'pounds ies ojo 6 tas Gein sie Wale hayein inl erese'e ge 0.03 0.02 0.0258 
Sheet Piling: 
7 Wood, in thousand feet, board measure............- 125.00 40.00 93.34 
8 Bteelo in Pounds: )- Fens okt ei cies eae kanes ye 0.06 0.04 0.0556, 
9 ‘Timber piles, indinear feeb: 0. 2 - heakt ae sc crise ate aise eure 1.00 0.35 0.553 
10 Ptee) H-piles,on lnearfeaty gees oa) neler levels spline sioner? 10.00 1.50 275 
11 Steel reinforcement, in pounds. .............. 0000020502 0.05 0.0425 0.0488 
Concrete, in Cubic Yards: . 
12 Class A-1, formed floors and footings............... 25.00 19.50 20.71 
13 Class A-2, formed floors and footings. .........-...- 17.00 13.00 15.48 
14 Class B; AYE Wn caive osc asc e ae ere eters eae eet 12.10 10.00 11.38 
15 Pré=Castt Ste Foes en ed so kobe mee eee 50.00 35.00 43.95 
16 Rubbed finish, in square feet’... < fescue ce os cee ed oe se we 0.10 0.09 0.0963 
Expansion Joints: 
17 Copper plate;.in linear feet... oe ceieine se nee rae ee 1.10 0.75 0.871 
18 Mastie: wisaMare LEOU wee % als ais ers oPelolercie steheleters ele ders 1.00 0.25 0.296 
19 Asphalt, in square yards...... pecsood snows) 190e 1.02 0.40 0.785 
20 Common brick masonry, in cubie yards............- 50.00 25.00 34.33 
Cast-Iron Pipe, in Pounds: 
21 Belland-epigot, 12 462. jey. c cinjeeic nis clo ys etcta inte wate 0.057 0.045 0.0486 
22 Bell-and-spigot, 3 ft to 12 ft........-..ecee rece eee 0.079 0.056 0.0672 
23 Bell-and-spigot, specials... 02.5.2 ese eeces rescues 0.09 0.076 0.0831 
24 Ty Eas beh BAT a OR emer S Dao DOO Boo nga ao 0.068 0.06 0.0615 
25 Mianped; 3.6640 L266 ete ete teciateietetatne ecelae! « allere 0.10 0.07 0.0925 
26 Blanged, specialsan. . duclelel-< p.aeiuterse time saeeinrs pik yn avers 0.12 0.10 0.1143 
Structural Metal, in Pounds: 
27 Structural steels i. wc. e ies pe este whe eee wines oa eis 0.08 0.05 0.0570 
28 Miscellaneous steel and iron... ......-.--+-0-++e0:- 0.18 0.117 0.156 
29 On | CAStIN ES ore. > xis feiegets MR a. ee whe s cae te do ener 0.163 0.12 0.123 
30 BTONBO, LOLOL ere elec tM ate eee aio te sarees lle ere certo nas 1.20 0.52 0.903 
31 Abwminum ..2.9$, os.-< ntge oie o's Bie oR tae ie ete oa reeer 1.70 1.00 1.36 
32 Pipe railing, in linear feet. .:.. 2... +... sees ee esse eee es 4.00 2.00 2.03 
33 Galvanized floor grating, in square feet................- 2.50 1.80 1.84 3 


REVENUES AND EXPENSES 


Under the act creating it, the Buffalo Sewer Authority has taken over the 
maintenance and operation of all of the sewers of the city. Thus, estimates of — 
annual operating costs include items for the maintenance of lateral sewers, for — 
sewer cleaning and repairs, and for progressive rehabilitation. In round num- 
bers, the annual budget is summarized as follows: 


Item Annual sum 
Administration and expense of main office...... $ 80,000 
Wollecting BeWETs.. + ten oe cepts eee ees 223,000 
Outlying pumping stations................... 59,000 
Sewage treatment plant....)......2, 0800s: a... 397,000 
Construction work, insurance, and miscellaneous 141,000 
Debt) service etal ees ean nts ce ee oe Re te 600,000 3 
TOGAL ary A ae eee siren es Oe eee $1,500,000 
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The Authority has adopted a two-part rate schedule for raising the annual 
revenue. This rate schedule provides that 55% of the total sum (or $825,000) 
shall be derived from a charge based on water consumption; and that the 
remainder (or $675,000 per yr) shall be derived from a charge to be paid by all 
taxable property in proportion to the assessed valuation. The portion of the 
rate applicable to water use is 40% of the water rates, and the portion applicable 
to assessed valuation is about $0.73 per $1,000. 
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AN IMPROVED METHOD FOR ADJUSTING 
PEVERVANDSTRAVERSE SURVEYS 


By CLARENCE Norris, EsQ.,1 AND JULIUS L. SPEERT, 
ASSOGS MasAM:, SOC GC. BY 


SYNOPSIS 


A simplified method for adjusting level and traverse surveys is presented 
in this paper. The results are identical with those obtained by least squares, 
but the method is so simple as to be understandable by any one possessing, 
an elementary knowledge of algebra and surveying. The labor required for 
this method of adjustment is considerably less than that required by the 
usual least-squares methods, and is no greater than that of cruder methods. 

The paper is divided into three parts: The main body gives detailed in- 
structions for the adjustment, in such form that the computations may be 

performed by a clerk familiar with the use of a computing machine. For 
the benefit of those interested, the theory of this method is developed in 
Appendix I; and Appendix II explains a simple method of solving the adjust- 
ment equations. 


INTRODUCTION 


All surveys, whether for the determination of altitudes or of relative 
horizontal positions, are subject to two general types of error—systematic and 
accidental. Before any adjustment of a survey is attempted, all known 
systematic errors should be removed, leaving only those of the accidental 
type to be disposed of by the adjustment. 

Frequent azimuth checks are usually made in a well-conducted traverse 
survey. A preliminary angle adjustment can be applied, therefore, before 
the computation of latitudes and departures is undertaken. The angle adjust- 
ment is so simple and well understood that it will not be discussed herein. 

When latitudes and departures—or differences of latitude and longitude— 
have been computed for each course in a traverse net, some error will usually 

appear in the form of imperfect closures in the net. This error is due to two 


Norr.—Written comments are invited for immediate publication; to insure publication the last dis- 
_ cussion should be submitted by February 15, 1940 
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general causes—accidental errors in the straight-line measurements (including 
other errors treated as accidental), and errors of direction that still remain 
after the preliminary adjustment of the angles. Because of the complex 
interrelationship of these errors, and the practical difficulties involved in their 
separation, it is customary, except in the most precise surveys, to treat the 
traverse closure as a single accidental error with two components; namely, 
northing and easting (or latitude and longitude). In this paper it is assumed 
that all preliminary computations have been performed and that unadjusted 
north and east coordinates have been determined for both extremities of each 
line in the net. The resultant closure errors, in northing and in easting, 
will be treated as independent items, either of which may be adjusted without 
regard for the other. 

Similarly, in a level net, the error will appear as imperfect closures, or 
differences of elevation, at the junction points. The method of adjustment 
to be described is applicable equally to a level or traverse net; but, because 
the latter presents a more general problem, having two errors to be adjusted, 
special attention will be given to the adjustment of a traverse net. 


ADJUSTMENT OF A TRAVERSE NET 


The method of adjustment to be described herein is based on the so-called | 


“Junction Point method” for the adjustment of levels developed by Mr. D. H. 
Baldwin of the U. S. Geological Survey. The theory of the new method is 
presented in Appendix I of this paper. 

To illustrate the method and its application to traverse adjustment, a 
somewhat involved traverse net will be adjusted in detail. This net is shown 
diagrammatically in Fig. 1, with the junctions numbered for identification. 
The stations whose positions are to be held fixed as a result of earlier adjustment 


or of a more precise survey are indicated in Fig. 1 and are listed in Table 1. 


with their fixed positions. The results of the preliminary computations of 
north and east coordinates are listed in Table 2, the upper entry representing 


TABLE 1.—Given Frxep STaTIoNsS AND POSITIONS 


CoorDINATES 
Station 
(see Fig. 1) 
North East 
A 248,367.22 126,478.29 
B 328,946.18 129,817.26 
C 315,406.20 154,926.18 
D 319,029.42 240,792.22 
E 250,612.16 232,163.26 
F 293,936.85 187,391.63 


the beginning, and the lower entry the end, of the line indicated in Column (1), 
in accordance with the direction arrow on the line in Fig. 1, The items in 


3 Fora complete foceription of the ery method see ‘‘ Topographic a of the United States 


Geological Survey,’’ by C. H. Birdseye, M. Am. Soc. C. E., Bulletin No. 788, U. 8. Geological Survey, — 


pp. 156-160. 
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A Positions to be Held Fixed 
=2.56 
7.66 
4.02 +0.97 
0.03 4 = 4.13 (0.00 
f T4 ars m 0.00) D 
= te —————— A 
02 4.02 .397 146 +4.85 0.746 9. ¢ 
od = 0.03 of +7.69 +363 ON 888 A ieee 
(0.00 —3.88 Osx : 
000) 441) =0.45 xe 
bs =4.21 + 3.26 = 
$338 
7207) 377] F177 
AN) 41.95) [+4765 _*569 12 
iT rF +13135 ny! 
+5.84 0.877 +1.71 0 s2) 
= 0.44 ~4.65 \ “i NAg 
+2.07] 413.84 Cy oe) —2.16 
S ELalyy 174) 0? 3.76 ~9.67 
oe —2.88 
5.37 =0. 
—3'59 =3.15 72-87 
—1.36} . 13.86 =8.91 5.15 
Tl g 5 j T7 k [E333 ae 
ats Sa = 
0.00 0.769 0.00 0.595 —8.15) 0.893 +3.76 
aie 0.00 =a02 T5 $98 +0.71 x65 =o48) —2-88 T6 
~ =1:36 “i 3.15 
+ 1386 s 
) She ; 8 
i aN 
.00 3 
8:804, [0-00 ) E 
0.00 “0p O 
AS °Gfe 
Fie. 1.—ApsustmMent D1aGRAM 
TABLE 2.—ReEsutts or PRELIMINARY COMPUTATIONS 
Computa- ComputTa- 
TION Book taba Sta TION Book Ror dis 
Line} North East sta- | tion Line] North East sta- | tion 
Book] Page eons Book] Page Age 
(1) (2) (3) (4) |} (5) | © | (7) || @ (2) (3) (4) | (5) | (©) | (7) 
248,367.22/126,478.29| G20} 1 93 | 4 j |260,428.60|201,712.94/ G22} 6 | 5, | 77 
259,848.50|/127,206.14| G20] 3 ry 261,610.52/239,699.93| G22] 9 T6 
259,848.50}127,206.14| G20} 3 53 | 1 || m |319,029.42|240,792.22 G22) 10 | 67 D 
288,642.37|128,889.43| G20} 7 pasa ae) 318,208.41|217,293.84| G22| 14 TS 
288,642.37/128,889.43] G20} 7 4g | 22 318,208.41|217,293.84 G22] 14 | 7, | T8 
312,167.15]127,416.52| G20] 10 73 ||  |316,984.82]182,300.06] G22| 18 T4 
312,167.15]127,416.52| G20} 10 32 | 73 250,612.16]232,163.26/ G23] 1 | 7 | 2B 
328,940.26/129,811.43] G20} 12 B || ? |260,420.93/201,716.80| G23} 5 Te 
312,167.15/127,416.52| G20] 13 ee Ni) 260,420.93/201,716.80] G23} 5 | gy | 17 
315,410.22|154,926.15| G20| 16 | c¢ || 2 1318,213.26|217,290.16] G23| 9 | ° T8 
315,410.22]154,926.15| G20} 16 56 | C, || r |315:406.20)154,026.18} G24} 1 | 35 | © 
316,986.28|182,292.37| G20} 20 Ba aed: 299,416.02|158,889.16] G24} 3 eal |i, 
259,848.50]127,206.14| G21} 1 Be tee 299,416.02|158,889.16] G24] 3 | 4g | T9 
255,027.73|159,716.78| G21| 5 2) 75 || ® |255,022.36/159,714.19| G24] 6 T5 
255,027.73|159,716.78| G21] 5 | 44, | 75 || , |288,642.37/128,889.43| G24} 7 | gq | T2 
319,035.49|240,800.91| G21| 15 D 299,421.86]158,888.72| G24| 10 T9 
319,035.49]240,800.91| G21| 15 gs || 299,421.86]158,888.72| G24] 10 | -- | 19 
261,606.76|239,702.81| G21} 19 76 || “ |293,938.56|187,386.98| G24] 14 F 
255,027.73|159,716.78] G22] 1 ga | 75 | 
260,428.60/201,712.94) G22| 6 ng 
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Columns (4) and (5), Table 2, are for the computer’s reference to the original 
computation books. Column (7) identifies the stations at the extremities of 
the various lines, as shown in Fig. 1. The positions shown in Tables 1 and 2 
have been computed in plane coordinates. However, this method may be 
used equally well for adjusting a traverse in geodetic coordinates, differences 
of latitude and longitude being substituted for differences of northing and 
easting in the adjustment computations. 

Special Conditions—A few special and unusual conditions are included 
herein to show how such conditions may be treated in an adjustment. It will 
be noted that line h in Fig. 1 crosses line gq without tying to it. The omission 
of a junction at this point merely eliminates one equation from the adjustment 
and presents no special problem. Although lines f and nm were surveyed 
independently in the field, they are in reality a single line in spite of the closure 
between them, and they are treated as one line in the adjustment, the weight 
being that of the two lines combined. The same treatment could be applied 


to lines 7 and k; but, to illustrate the method, these are treated as separate - 


lines, closing at junction 8 as indicated. 

Junction Closures —A junction closure is the distance by which the com- 
puted position of a point on one line differs from the computed position of the 
same point on another line. It is positive if the computed position on the 
closing line is the greater, and negative if it is the smaller. Stated otherwise, 
the junction closure is the distance that must be subtracted algebraically from 
the position on the closing line to obtain the corresponding position on the line 
or station closed upon. A junction closure is indicated by a short arrow 
parallel to the closing line, pointing toward the line closed upon, and by 
numbers representing the magnitude of the break or closure. The junction 
closures indicated in Fig. 1 are derived from inspection of Tables 1 and 2. 


For example, junction 1 is at the end of line c and the beginnings of lines d. 


andeatstation 7 3. The position of station 7 3 is the same on all three lines 
(see Table 2); therefore, zero closures are indicated between line e and lines c 
and d. The absence of a closure arrow at the extremity of any line implies a 
zero closure for that line on the Junction involved. At junction 4, station T 5 
has the same position on lines g, h, andj; but on line s its position is 5.37 less in 
northing and 2.59 less in easting. Therefore, line s closes on junction 4 with 
closures of — 5.87 and — 2.59, asindicated. The position of station C on lines 


e and f is 4.02 greater in northing and 0.03 less in easting than the fixed position. 


of station C (Tables 1 and 2), as indicated by the closures of these lines on the 
fixed station. Liner, Fig. 1, starts at station C with the correct final position, 
and its closure on C, accordingly, is zero. All closures, at junctions and at 
fixed stations, are determined in the same manner. When dealing with items 
of northing and easting, it is desirable always to write the northing quantity 
first, thereby avoiding confusion as well as the necessity of labeling each item. 

Circuit Closures—As the next preliminary step in the adjustment, it is 
desirable to investigate the circuit closures. Although these do not enter 
directly into the adjustment, they offer a key to the quality of the field work 
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and preliminary computations, indicating places of apparent weakness and 
frequently aiding in the discovery of blunders. 

The circuit closures may be computed by adding all junction closures ° 
counterclockwise around each circuit, changing the sign of a junction closure 
if its closure arrow is opposed to the counterclockwise route around the circuit. 
For this purpose, a group of lines connecting two fixed stations is treated the 
same as a closed circuit. In Fig. 1, the circuit closures are shown within 
the respective circuits, inside a curved arrow which indicates the direction of 
closure. Each circuit closure, and all the junction closures contained in it, 
may be checked from Tables 1 and 2 using Fig. 1 as a guide. Proceeding 
counterclockwise around the circuit as before, subtract the position of the 
beginning, and add the position of the end, of each line whose direction arrow 
agrees with the direction of progress around the circuit; reverse the operations, 
adding the beginning and subtracting the end, for each line whose direction 
arrow is against the direction of progress around the circuit. If a circuit 


connects two fixed stations, assume an imaginary line joining them, and treat 


: 


x 


a 


the fixed positions as the extremities of this imaginary line. The circuit 
closures obtained by this method should check exactly those determined 
previously. Any discrepancy might be due to a mistake in the determination 
of the circuit closure by either method, or to a mistake in one or more junction 
closures, or to a combination of these mistakes. 

The magnitude of any circuit closure in relation to the length of its circuit 
is a measure of the precision of the survey around that circuit. An excessively 
large closure might clearly indicate the existence of a gross blunder and lead 
to its detection. Large closures of opposite signs in two adjoining circuits 
indicate weakness, or possibly a blunder, in the line common to these circuits. 
In general, the algebraic difference between the circuit closures on opposite 
sides of any line may be used to form a rough preliminary estimate of the 
correction that the adjustment may be expected to force into that line. Thus, 
any line that appears to be below the standard of the remainder of the work 


_may reasonably be omitted from the adjustment, in order that its weakness 


shall not detract from the strength of the remainder of the survey. 

Weights ——In the adjustment of a level net, the lines are weighted inversely 
as their relative lengths. For a traverse, however, it is believed that the 
number of transit stations in a line offers a better index of the strength of that 
line. For convenience in solving the adjustment equations, to avoid coeffi- 
cients either too large or too small, it is desirable that the magnitude of the 
diagonal terms of the equations be between 1 and 10. This condition can be 
produced most readily by’using weights for the lines, such that their average 
value will be about 1. Therefore, the effective length of, or number of stations 
in, each line should be divided by the approximate average of all the lengths, 
or numbers of stations, before weighting. In this adjustment the lines will be 
weighted in inverse ratio to the number of stations in each, and the weight of 
each line in this example will be taken as 50 times the reciprocal of the number 
of stations in it. The number of stations in each line is listed in Table 2, 
and the weights are marked on the lines in Fig. 1. 
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As the preliminary positions and the closures have been computed to two 
decimal places, it is desirable that the weights be used to one place more, or 
three places, in order that there shall be no loss of accuracy due to uncertainty 


TABLE 3.—ApbsusTMENT EQUATIONS 


Eu) pia |@|e@ol@]o|]@}]m |e |x] | s 

(1) ab —3.513 |+1.042 + 5.593 |+9.184 |+12.256 
c 

(2) a —2.787 |+0.862 +0.833 — 4.865 |+0.367 |— 4.498 
b 
c 

(3) a —3.805 |+0.769 0.000 0.000 |— 2.174 
b 
c 

(4) a —2.969 |+1.250 |+0.595 — 8.867 |—6.322 |—15.544 
b 
c 

(5) a —4,522 +15.199 |+6.563 |+19.323 
b 
c 

(6) a —2.807 |+0.625 |+ 0.893 |—16.506 |+-9.963 |— 7.237 
b 
c 

(7) a —1.768 + 6.809 |—7.754 |— 2.088 
b 
€ 

(8) a — 1,628 |— 1.104 |—8.959 |—10.798 
; ; 
(+ 

— 3.741 |+2.992 
(—0.749) 


in the last decimal figure. If any line has been surveyed with greater or less 
care than the others, to entitle it to special consideration, its weight factor 
may be changed accordingly. In this example all lines are considered of equal 
strength. 

Adjustment Form.—After the preliminary examination and preparation are 
completed, the adjustment may be begun. All junctions between lines of the 
survey should be numbered, except where lines meet at a fixed station. Thus, 
there should be a number for each junction for which a correction is to be 
determined. The form for the table of equations (Table 3) should be prepared, 
allowing one column for each numbered junction, two absolute columns, and 
an additional column on each side of the table for later use. Four lines should 

be allowed for each equation except the first, which requires only three. These 
groups of lines should be numbered in the same order as the column headings, 
and the first three lines in each group should be designated a, b, and c, respec- 
tively. The fourth line is left blank as a separation between the equations. 
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4 Tn the first equation lines a and b are combined. As a further guide, a hori- 
zontal line may be ruled above each b-line. 
Equations —The adjustment equations may now be formed by inspection 


TABLE 4.—So.uTion or ADJUSTMENT EQUATIONS 


a) ela} @ be) @ oe} @ lem |-@ | N me fiiae 
(1) ab |0,284657|—3.513 |41.042 + 5.503 |4+9.134 |+12.256 
c (—1.0) }+0.2966 + 1.5921|+2.6001/-+ 3.4888 
(2) a —2.737 |-+0.862 +0.833 — 4.865 |+0.367 |— 4.498 
b |0.411862 —2,428 |+0.862 +0.833 — 3.206 |+3.076 |— 0.863 
¢ (—1.0) |+0.3550 40.3431 — 1.3204|+1.2669|— 0.3554 
(3) a —3.805 |+-0.769 0.000 | 0.000 |— 2.174 
b |0.285796 —3.499 |+0.769 |+0.296 — 1.138 |+1.092 |— 2.480 
c (—1.0) |-+0.2198]+0.0846 — 0.3252|+-0.3121|— 0.7088 
(4) a@ —2.969 |41.250 |+0.595 — 8,867 |—6.322 |—15.544 
b 0.357143 —2.800 |+1.315 |+0.595 — 9.117 |—6.082 |—16.089 
c (—1.0) |+0.4696|-+0.2125 — 3.2561|—2.1721|— 5.7461 
| 
(5) a 4.522 +15.199 |+6.563 |+19.323 
b |0.278242 —3,594 |-+0.279 + 9.721 |+4.855 |411.262 
c (—1.0) |+0.0776 + 2.7048|+1.3509|+ 3.1336 
(6) a —2.807 |-++0.625 |-+ 0.893 |—16.506 |-++9.963 |— 7.237 
b |0.376081 —2.659 |-+0.625 |+ 0.893 |—17.689 |+9.047 |— 9.782 
c (—1.0) |+-0.2351]-+ 0.3358|— 6.6525|-+3.4024|— 3.6788 
(a —1.768 + 6.809 |—7.754 |— 2.088 
b |0.616903 —1.621 |+0.210 |+ 2.650 |—5.627 |— 4.388 
c (—1.0) |+0.1295 |+ 1.6348] —3.4713|— 2.7070 
(8) a — 1.628 |— 1.104 |—8.959 |—10.798 
b |0.768640 — 1.301 |— 6.701 |—6.650 |—14.651 
; ¢ (—1.0) |— 5.1507|—5.1115| 11.2613 
Back solution 
: — 3.741 |+2.992 
CN ++1,3026] —0.9761] —1.0326] —4.0159]+2.0720| —8.1546|+-0.9678]— 5.1507) (—0.749) 
CE +3.1328|+1.7963]-++0.1322|—1.3599|-+1.4063/-+0.7142|—4.1332]— 5.1115 
cs +3.4355| —0.1796| —1.9004| —6.3755|+2.4787| 8.4396] —4.1653| 11,2613 


from Fig.1. For this purpose, as well as for the solution, a computing machine 
is almost indispensable. The original equations are written on the a-lines, 
the other lines being reserved for their solution. The diagonal term for each 
Bnation is entered in the line and column bearing the number of the corre- 
sponding junction, and is always negative. The coefficient of each of the 
Sremaining terms of an equation is entered to the right of the diagonal terms, 
on the line and in the column corresponding to the extremities of the corre- 
sponding line in the survey, as will be illustrated. 
Diagonal Terms—The diagonal term for any equation is the negative sum 
of the weights of all lines entering the correspondingly numbered junction. 
For example, at junction 1, Fig. 1, itis — (1.042 + 1.562 + 0.909) = — 3.513, 
‘as entered in Column (1), line la, Table 3. For junction 2, it is — (0.862 
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+ 1.042 + 0.833) = — 2.737, as entered in Column (2), line 2a. Similarly, 
all diagonal terms are determined from Fig. 1, and entered in Table 3, in the 
a-line and column corresponding to the number of the junction involved, 

Coefficients —The remaining coefficients in Equation (1), Table 3, are the 
weights of the individual lines entering junction 1 from the other numbered 
junctions. For example, line c enters junction 1 from junction 2, and + 1.042 
is entered in Column (2), line 1a; lines d and e enter junction 1 from fixed 
stations and have no coefficients in the table. Similarly, line 6 enters junction 
2 from junction 3, and + 0.862 is entered in Column (8), line 2a; line ¢ enters 
junction 2 from junction 5, and + 0.833 is entered in Column (5), line 2a; 
line ¢ enters junction 2 from junction 1, and + 1.042 is found to be already 
entered in Column (2), line la. It is not entered in Column (1), line 2a, 
because that space is to the left of the diagonal term, and only those spaces 
to the right of the diagonal terms are used. In like manner, the coefficients 
for all the equations are entered in Table 3. 

Absolute Terms—The absolute terms for northing and easting of each 
equation may now be computed and entered in Columns N and E, respectively. 
Each of these terms is the sum of the weighted closures of all lines entering 
its junction; it is the sum of the products of the weight of each line entering: 
the junction by the sum of the closures in that line computed from the con- 
tiguous junction. It is essential that the sign and direction of each closure be 
observed carefully, the closure sign being held if its direction is toward the 
junction whose equation is being determined, and reversed if its direction is 
from the junction. For example, N for Equation (1) is 1.042 (0) + 1.562 
(+ 5.92) + 0.909 (— 4.02) = + 5.5938; E is 1.042 (0) + 1.562 (+ 5.83) 
+ 0.909 (+ 0.03) = + 9.134. Similarly, for Equation (7), N = 0.625 (+ 7.67 
+ 4.85) + 0.397 (— 4.02 + 1.46) + 0.746 (0) = + 6.809; E = 0.625 (— 3.86 
— 3.68) + 0.397 (+ 0.03 — 7.69) + 0.746 (0) = — 7.754. The absolute terms 
should be computed to the same number of decimal places as the coefficients. 

When all the absolute terms have been computed and entered in Table 3, 
the adjustment equations are complete and may be checked. The absolute 
terms should be checked first, as follows: Compute the weighted closures of 
all lines into all the fixed stations in the same manner in which the absolute 
terms were computed; write the sum of all these northing closures (— 3.741) 
at the bottom of the (N)-column and the sum of all these easting closures 
(+ 2.992) at the bottom of the (E)-column. Including these items, the 
sum of all entries in each of these columns should be zero, or very nearly so. 
A small discrepancy in the last place may be due to the rounding off of residual 
decimals beyond the last significant figure. If preferred, the (N)- and (E)-. 
columns may be checked simultaneously by recording only the sum of the 
northing and easting closures into the fixed stations (— 0.749), and adding 
this to both columns to equal zero. 

In computing all sums of products, the individual products need not be 
recorded, but should be accumulated in the computing machine. For this 
purpose the decimal points should be placed properly on all the dials, and 
should be observed carefully in all operations. Only the keyboard and multi- 
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plier dial are cleared after each multiplication, the product being left in the 
machine. Negative products are obtained with the reverse multiplier. The 
product dial is cleared only when the desired sum has been recorded. 

(S)-Column.—The (S)-column at the right of Table 3 offers a further 
check on the formation of the equations, as well as a step-by-step check on 
the solution. The (S)-item for each equation is determined by adding to the 
negative sum of the weights of all lines entering a junction from fixed stations 
the entries in the (N)-column and (E)-column. For example, at junction 1, 
lines d and e enter from fixed stations; therefore S1 equals minus the sum of 
the weights of these lines plus N plus EH, or — (1.562 + 0.909) + 5.593 + 9.134 
= + 12.256. At junction 3, only line a enters from a fixed station; hence 
$3 = — 2.174 + 0.000 + 0.000 = — 2.174. There are no fixed stations con- 
tiguous to junction 2; therefore, S2 equals the sum of N and E, or — 4.865 
+ 0.867 = — 4.498. 

When the (S)-column is completed, the sum of all entries on line 1a through 
N and E should equal $1 exactly. The sum of all entries in Column (2) 
and on line 2a through N and E should equal 82. Similarly, the sum of 
Column (3) and line 3a should equal 83. Thus, each equation is checked 
by adding its column down to the diagonal term, then across through E, to 
equal its (S)-entry. A mistake in any coefficient will appear as a discrepancy 
in the check of the two equations containing that term. A discrepancy 
peculiar to a particular equation indicates a mistake in either its diagonal term 
or its (S)-term. 

Solution of Equations —The equations in Table 3 may now be solved by 
the Doolittle method‘ as shown in Table 4. The detailed solution especially 
adapted and simplified for use with a computing machine is explained with 
complete instructions in Appendix II. The (N)-, (E)-, and (S)-columns are 
treated identically in the forward solution, the check on the (S)-column being 
applied in the usual manner after each step. In the back solution, an inde- 
pendent computation is made for CN, CE, and CS for each equation, using 
only the appropriate items for each, and omitting the other two quantities 
from each computation. The back solution is checked, step by step, by 
adding CN, CE, and — 1.0000 for each equation; the sum should equal CS 
for that equation, very nearly. 

Corrections—The (CN)- and (CE)-items of the back solution are the 
required corrections to be applied to the corresponding junctions of Fig. 1. 
These are rounded off to two decimal places and are shown in small rectangles 
with arrows pointing to the line at the extremity of which the correction is 
applied. It should be borne in mind that these corrections apply to the 
position closed upon at each junction. The correction to the extremity of 
the closing line may be determined by subtracting the junction closure from 
the computed correction. Thus, at junction 1, the computed correction 
applies equally to lines c, d, and e. At junction 7, the computed correction 


4‘*Adjustment of Observations,” by T. W. Wright and J. F. Hayford, Second Edition, pp. 114-121. 


_ Detailed instructions for the solution are given in several publications of the U. 8. Coast and Geodetic 


ae ail sill 


Survey. 
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applies to lines m and n; the northing correction to the end of line g is + 0.97 
— (+ 4.85) = — 38.88; its easting correction is — 4.138 — (— 3.68) = — 0.45. 
The corrections to lines at fixed stations are equal and opposite to the closures 
on these stations. The difference between the corrections at the ends of a 
line represents the correction to be distributed or prorated through the line. 
Final Test—At this point the adjustment of the junctions is complete, 
corrections having been determined for each extremity of each line. One 
final check may be applied, however, to test the efficacy of the adjustment. 
According to the theory of least squares, the most probable values for the 
corrections should satisfy the condition that the sum of the weighted cor- 
rections applied to all lines around a given junction will be zero. This test 
may be applied around each numbered junction by multiplying the weight of 
each line entering it by the difference of the corrections applied to its ex- 
tremities. For this purpose, the N- and E-corrections may be tested together, 
the corrections at the far end of each line being applied with their proper signs, 
and those at the near end with reversed signs. For example, at junction 1, 
1.042 (— 0.98 + 1.80 — 1.30 — 3.13) + 1.562 (+ 5.92 + 5.83 — 1.30 — 3.13) 
+ 0.909 (— 4.02 + 0.03 — 1.30 — 3.13) = 0.01. In view of the number and 
magnitude of the items included in this test, the discrepancy of 0.01 is reason- 
able, and indicates a satisfactory adjustment. The same test may be applied 
to all numbered junctionsin the net. In using lines f and m to check at junction 
7, the break at station 7’ 4 should be considered, thus: 0.397 (— 4.02 + 0.03 
+ 1.46 — 7.69 — 0.97 + 4.13) + 0.746 (0.00 + 0.00 — 0.97 + 4.13) + 0.625 
(— 0.48 — 3.15 + 3.88 + 0.45) = 0.00. In this example, the discrepancies 
at the eight numbered junctions vary from 0 to 0.02, with an average value - 
of 0.007. 


SUMMARY 

A brief summary of the operations required for a complete adjustment may 
be of value in the formation of a mental picture of the entire process. For a 
traverse net, the preliminary computations should be completed and the N- 
and E-coordinates, or the latitude and longitude, should be determined for | 
each junction. For a level net the orthometric elevation of each junction — 
point should be determined. Then the operations of the adjustment should | 
be performed in the following order: | 


1—Prepare a diagram of the survey, showing junction closures, circuit 
closures, and weights of all lines. Number all junctions, except those at fixed - 
stations. 

2.—Prepare a form similar to Table 3 for the adjustment equations. 

3.—Compute the diagonal terms as the negative sum of the weights of all © 
lines entering each numbered junction. 

4—Enter the weight of each line in the space numbered according to the © 
~ junction numbers at the ends of that line, using only those spaces to the right 
of the diagonal terms. | 

5.—Compute and enter in the (N)- and (E)-columns, respectively, the — 
weighted closures in northing and easting of all lines entering each numbered 


: 
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junction. In a level adjustment, of course, there would be only one absolute 
column. 

6.—Check the (N)- and (E)-columns by summing them to zero with the ° 
weighted closures of all lines entering all fixed stations. 

7—Compute the (S)-entry for each equation as the negative sum of the 
weights of all lines entering its junction from fixed stations, plus its (N)- and 
(E)-entries. Add each equation down its column to its diagonal term, then 
across through its absolute terms to equal its (S)-term, exactly. 

8.—Solve the equations by the Doolittle method, forward and back solutions. 

9—On the adjustment diagram, enter the results of the back solution as 
corrections to the lines closed upon at the numbered junctions. 

10.—Subtract the junction closures from the computed corrections to 
determine the corrections at the ends of the closing lines. 

11.—Test the adjustment by comparing with zero the sum of the weighted 
corrections in all the lines around each numbered junction. 

12.—Distribute or prorate the difference between the end corrections of 
each line to the stations in that line, to complete the adjustment. 


CONCLUSION 


It is believed that the results of any survey, even a poor one, can be im- 
proved by appropriate adjustment, so that all parts of the survey shall fit 
together with mathematical nicety after the computations are completed. In 
other words, any survey worth making is worth improving at small additional 
cost by careful adjustment. The relatively small cost of adequately adjusting 
a survey undoubtedly improves the results to a greater degree than could be 
obtained by a similar expenditure for improved field technique. Obviously, 
poor work cannot be made good by adjustment, but the data resulting from 
any survey can be improved in value and usefulness if all mathematical in- 
consistencies are removed, When the funds available for a survey are limited, 
it is believed desirable to reserve a portion of the money for the purpose of 
adjustment. 
_ In traverses, except for the most precise geodetic surveys, it is customary 
to combine all accidental errors in the closures of latitude and longitude, or 
latitudes and departures. In this respect, practically all methods of adjustment 
agree. Beyond this, variations exist, from adjustment by “estimation” or 
judgment to adjustment by least squares. For any adjustment, regardless of 
method, it is desirable that a diagram be prepared to show the various closures 
and the relative weights of the respective lines. The diagram, although not an 
essential part of the adjustment, is an invaluable aid in the determination 
Sand distribution of the adjustment corrections. 
It is generally recognized that the method of least squares offers the best 
adjustment possible in accord with the theory of probability. Although the 
method described herein is not derived through a consideration of the squares 
of residuals or errors, it is based on the principle that the correction at any 
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junction shall be a weighted mean of the corrections brought in from the con- 
tiguous junctions (see Appendix I). This principle is in perfect harmony with 
the principle of least squares, and the two methods give identical results. 

It may be emphasized, furthermore, that the adjustment equations that 
are set up by inspection from the adjustment diagram are identical in every 
respect with the normal equations that would be obtained by the use of the 
observation-equations method in least squares. This new method has a 
definite advantage over the latter in that the equations may be written by 
inspection, requiring no auxiliary tables. It has similar advantages over the 
condition-equations method, in that a table of correlate equations is not needed, 
and the solution of the adjustment equations gives the desired corrections 
directly, without the necessity of applying the correlates to the correlate 
equations and computing the line corrections before the junction corrections 
can be determined. 

It is believed that the method of adjustment described herein is so simple 
as to be easily understood by any one familiar with the elements of surveying 
and of algebra. Although the Doolittle method is suggested as the shortest 
known method of solving the type of simultaneous equations obtained, these 
equations may be solved equally well by the usual algebraic methods. (For 
algebraic solution, the equations should be written in complete form; see 
Appendix I.) Although the method described is identical with least squares, 
it is not expected to have the psychological effect that the name ‘‘least squares”’ 
has upon most surveyors—the suggestion. of something too complicated to be 
understood except by an expert mathematician. Some technical understanding 
is helpful, of course, in preparing and studying the closure diagram, but the 
mechanics of the adjustment are such that, if the instructions are observed 
carefully, a complete adjustment can be made by a clerk familiar with the use 
of the computing machine. 

As compared with cruder methods of adjustment, this method requires” 
little additional work for the theoretically most probable distribution of the 
errors. The only work peculiar to this method is the writing and solving of- 
the simultaneous equations. In this respect there is a compensating saving 
of labor, particularly in a traverse adjustment, in that corrections for both 
north and east coordinates are obtained simultaneously, whereas in most 
methods these must be adjusted separately. As compared with the Baldwin 
method for a level adjustment, this method gives a more balanced adjustment, 
eliminates the need for exercise of judgment in the selection of junctions, and 
permits adjustment of an entire network at a single set-up. The time required 
for adjusting an ordinary level net by this method compares favorably with 
that required by the Baldwin method. 

Because this method is suitable for the adjustment of any type of lindl 
survey, another possibility becomes apparent. In many surveys it happens 
that traverse and levels are run over the same routes for the purpose of de- 
termining horizontal and vertical control for all monuments. If the lines are 
so run that the weights to be used for adjusting the levels are in the same ratio 
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as the weights to be used for adjusting the traverse, or can be made so, then 
both traverse and levels can be adjusted at the same time by using three 
absolute columns in the adjustment equations instead of one or two. With 
three absolute columns, the ($)-column should include the effect of all three, 
and the solution may be completed in exactly the same manner. 
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APPENDIX I 


THEORY 


As a necessary preliminary to the development of the new theory, the 
Baldwin method will be reviewed briefly.’ 

In the simple level net shown in Fig. 2, line A D C runs from bench mark A 
(the elevation of which is fixed) to another fixed bench mark, C, closing on 
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bench mark C with an error of + 0.03 ft as indicated by the small arrow at 
point C and the number + 0.03 (this means that the elevation of bench mark 
C, as determined by line A D C, is 0.08 ft greater than the fixed elevation of 
bench mark (). Similarly, line B D begins at fixed bench mark B and closes 
on bench mark D with an error of — 0.05 ft (or the elevation of bench mark D 
as determined by line B D is 0.05 ft less than the unadjusted elevation deter- 
Mined by line ADC). Assume also that the lengths of A D, B D, and DC 
are 5, 10, and 8 miles, respectively. 
For the adjustment, the lines are to be weighted inversely as their lengths 
or in the ratio 2.00 : 1.00 : 1.25, as indicated in Fig. 2. This adjustment is 
based on the principle that the adjusted elevation of bench mark D is to be a 
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weighted mean of the elevations brought in through the various lines tying to it.. 
This principle is in strict accord with the principle of least squares and may be: 
readily derived from it. The weighted mean is most conveniently obtained by 
considering corrections and closures instead of actual elevations. The correc- 
tion to line A D at point A (as shown in a small rectangle in Fig. 2) is zero; the 
correction to line C D at point C (to correct the closure of + 0.03 ft) must be: 
— 0.03; the correction to line B D at point Bis zero, As there are no breaks in 
continuity between bench mark D and the indicated corrections at points A 
and C, the corrections at these points may be used for weighting at point D; 
in order to refer to a common elevation at point D, the closure of — 0.05 must 
be added to the correction at point B before the latter may be weighted at. 
bench mark D. Then the weighted correction at point D may be computed as: 
the sum of the products of the various line corrections by the weights of their 
respective lines, divided by the sum of the weights; that is, 


_ 2.00(0) + 1.00(— 0.05) + 1.25(— 0.03) _ 


D 2.00 + 1.00 + 1.25 


— 0.02 ft. 


To express this principle in a general equation (see Fig. 3), let A, B, C, and | 

D represent the corrections at points A, B, C, and D, respectively; ad, bd, and 
cd represent the mathematical breaks or closures in the lines A to D, B to D, 
and C to D, respectively; and Paa, Poa, and Pca represent the weights of the 
Poa (A + ad) + Poa (B + bd) + Poa (C+ ed) > 
? 


respective lines. Then D = Po Be es 


or 


(Poa + Poa + Pea) D = Paa (A) + Poa CB) + Pea (C) 
+ Poa (ad) + Pra (bd) +-. Poa(ed)..2 9. = done eee (9) 


Transposing all terms to the right side of the equation, 


Oh (Pog cede bce Pea (Al) Pa Cb) eee ea) | 
+ Poa lad) eb sailbd) i Paled)s.s acc. aoe (10) 


Note that cd represents: the closure or breaks in the line C to D, whereas de 
represents the same closure or breaks in the reverse direction; thus, 


Equation (10) represents a general equation for the correction at any junc- 
tion in terms of the corrections at other points and the mathematical breaks in ~ 
continuity of the lines connecting the junction with the other points. Ordi- 
narily, the Baldwin method has been used to determine the correction at a 
particular junction when the corrections at the other points have been known. 

Extension of Baldwin Method.—The same principle may be applied to a more 
complicated level net, as indicated in Fig. 4. Denote the correction to any 


t 
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junction by the letter used to designate that junction; the weight of a line by the 
letter P and the subscript letters of the ends of the line; and the mathematical 
breaks in continuity in any line by the lower-case letters of the ends of the line, 
thus: The break or closure in B to D is bd, that in D to Bis db = — bd, etc. 

As A, H, H, and L are fixed points, their corrections are known from the 
elosures at these points, and need not be computed. Equations similar to 
Equation (10) may be written for each of the remaining junctions. Thus, at B, 


Ol) —\(Paa + Pog + Loy) B + Paa (A) - Poa (D) + Paz (F) 
+ Pas (ab) + Poa (db) + Pog (fb)... 6... cee eae (12) 


Tf Pas + Poa + Poy (the sum of the weights of all lines entering junction B) is 
designated Py, and Paz (ab) + Poa (db) + Poy (fb) (the sum of the products of 
the breaks of the lines into the junction by the weights of these lines) is desig- 
nated Q;, Equation (12) becomes 


0) = —*P, (B)' + Pas (A) + Pea (D) + Poy (F) + Op. ws (13) 


Similarly, equations for the other junctions to be adjusted may be written as — 
follows: At D, 


‘a On Ps (DE Ppa (Bi + bdel Ce) Pa, (G)He Oa... .& (14) 
a ? 
; Ole eC) a Poe CB) Peg (GY Py (S) Op. (15) 
at G, 

0 = — P, (G) + Pox (K) + Pyro (F) + Pag (D) + Qo...---- (16) 
at J, 

O="— P; J) + Pig (BE) + Py (F) + Pye (K) +:O;- 22. - 1D) 
and, at K, 

Oca Oa ware toeltg pe (Gantt eich) ta Oe marae (18) 


As there are six unknown junction corrections and six equations, a rigid 
solution is possible. 
_ Equations (13) to (18) may be written most conveniently by inspection in 
the form of a table, the unknown corrections being used to designate the 
columns, in which only the numerical coefficients need be placed (see Table 5). 

If the equations are written in the same sequence as the columns, it will be 
seen that the negative terms form a diagonal, about which the table is sym- 
metrical, except for the Q-column; that is, all coefficients to the left (or to the 
right) of any negative term appear again above (or below) it in the same relative 
position. Thus, except for the Q-column, the table may be read across or 
down with the same results. This symmetry makes it possible to condense the 
table by omitting all coefficients to the left of the “diagonal” terms. Then each 
equation is read down to its diagonal term and across through its absolute term. 
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In this form the equations may be solved readily by the Doolittle method‘ to, 
give the required junction corrections (see Appendix II). 


TABLE 5.—ApsusTMENT EQuaTIONS 


At point: B D F G J K Q 
B —P» +Pba +Pot +Q, +Pap (A) 
D +Poa —Pa +Pag : +Qa +Pae (E) 
P +Pos ES +P fo +P si +Qf 
G +Pag +Pfg —Py +Pok +Q, 
J +P ij le} +Pik +0; +Prj (A) 
us +Pok | +P ix | —Px | +Qn +P D) 


This method of adjustment is not only suitable for levels, but it is even more 
advantageous in its application to a traverse net. Instead of a single closure: 
error at each junction, a traverse survey has two closures—in latitude and in 
longitude, or in northing and easting. These two closures are considered inde~ 
pendently and, in other methods of adjustment, require individual treatment. 
However, by the method presented herein, the equations for the corrections 
at any particular junction are identical except for the absolute or Q-terms. 
Thus, both sets of equations may be combined in a single table, similar tc 
Table 5, but having two absolute columns—one for northing and one for easting . 
The effort required for the solution of both sets is only slightly greater tham 
that required for one alone. 

To provide a check on the formation and solution of the equations, an extr: 
column is added to the table. The items in this column are dimensionless 
numbers, each being the sum of the coefficients and absolute terms of its equa~ 
tion. This sum column is not an essential part of the adjustment, but makes if: 
possible to check each step before proceeding to the next. 


APPENDIX II 


SIMPLIFIED SOLUTION OF ADJUSTMENT EQUATIONS BY THE DooLiTtTLE MrErHor: 


The Doolittle method is a semi-mechanical method for solving simultaneou 
equations of the symmetrical type formed in this method of adjustment. It i 
much quicker than the regular algebraic solution, especially when there are 
many equations to be solved simultaneously, and is particularly adaptable tc: 
the use of a computing machine. By this method, as by others, the equations 
are combined successively, one of the unknowns being eliminated at each step. 
When all the equations have been combined, the resulting equation contain’ 
only one unknown, which may be evaluated readily. In the back solution, th 
evaluated unknowns are substituted successively back into the combined equa 
tions for the evaluation of the preceding unknowns. 
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In Tables 3 and 4, the original equations have been written on the a-lines, 
and each equation is read down its column to the diagonal term, then across 
through the absolute terms. The b-lines, in Table 4, contain the combined equa- 
tions, each of which includes the influence of those preceding it. Because of the 
elimination of one additional unknown, each combined equation contains one 
term less than the preceding one. The combined equations, on the b-lines, are 
read straight across. The equations on the c-lines are mathematically identical 
with the corresponding b-equations, but they express the principal unknown as 
an explicit function of the remaining unknowns. ‘The items on the c-lines are 
the multipliers to be used in the formation of the combined equations on the 
succeeding b-lines. It is obvious that in the first equation the a- and b-lines are 
identical and need be written only once. 

The procedure for combining and solving the equations follows a few definite 
rules; when once mastered, it becomes almost mechanical and requires practi- 
cally no mental effort. The method is best illustrated by completing the solu- 
tion of the equations in Table 3. The complete solution is shown in Table 4. 

The first step in the solution is the formation of Equation (1c) from Equa- 
tion (1b). Equation (1) represents the correction at junction 1 in terms of the 
corrections at all other junctions; therefore the entry in Column (1) (the diag- 
onal term of Equation (1a)) will be called the principal term of Equation (16). 
Similarly, the b-item under each diagonal term will be called the principal term 
of its equation. To express the correction at junction 1 as an explicit function 
of the other corrections, its coefficient should be made — 1.0. This is done by 
multiplying all items on line 1b by the negative reciprocal of the principal term. 
The negative reciprocal (0.284657) of — 3.513 is entered, for convenience, in 
Column R at the left of the table and is multiplied by the items on line 1b to 
give the items shown on line lc. Line 1c may now be checked by adding it 
across through the absolute columns, including — 1.0 for the first term, to equal 
the (S)-item, very nearly. A small difference may be due to the dropped 
residual decimals beyond the last significant figure. In general, the c-lines 
should be recorded to one decimal place more than the b-lines, in order to retain 
the same number of significant figures. 

The next step in the solution is the formation of Equation (26) by combining 
Equation (1b) with Equation (2a). In this step, everything to the left of 
Column (2) is ignored and each item in Equation (1b) is multiplied by the 
(1e)-term in Column (2); then it is added to the (2a)-item in its own column. 
Thus, Equation (2b) is formed as follows: 


1b-2(+ 1.042) X Ic-2(-+ 0.2966) + 2a-2(— 2.737) = 2b-2(— 2.428) 
1b-3(0) X 1c-2(-+ 0.2966) + 2a-3(+ 0.862) = 26-3(+ 0.862) 
1b-5(0) X 1c-2(+ 0.2966) + 2a-5(+ 0.833) = 20-5(+ 0.833) 
1b-N(+ 5.593) X 1c-2(+ 0.2966) + 2a-N(— 4.865) = 2b-N(— 3.206) 
Tb-E(+ 9.134) xX 1c-2(+ 0.2966) + 2a-E(+ 0.367) = 2b-E(+ 3.076) 
1b-S(+12.256) X 1c-2(+ 0.2966) + 2a-S(— 4.498) = 26-S(— 0.863) 


_ = 
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Each item is designated by its line and column, thus: Item 2a-3 is on line 2a, 
Column (3). Equation (2b) may now be checked by adding it across to equal 
its (S)-term, very nearly. Equation (2c) is formed from Equation (26) in 
exactly the same manner as Equation (1c) was formed from Equation (10). 
It is checked by adding it across from — 1.0 through the absolute columns to 
equal its (S)-term, as before. 

Equations (16), (2b), and (3a) are now combined to form Equation (86). 
In this step, everything to the left of Column (8) is ignored, and the c-items in 
Column (8) are used as multipliers for their respective b equations. As there is” 
no item in le-3 (giving a zero multiplier), Equation (1b) drops out of this step. 
Each item in Equation (2b) is multiplied by item 2c-3 and then added to the 
(3a)-item in its own column to form Equation (36). 

Equation (36) is added across to check on its (S)-term. Equation (3c) is 
formed from Equation (3b), and checked. This same routine is followed 
throughout the forward solution. The first four equations are all short ones 
and are combined easily, as explained. 4 

Equation (56) is formed by combining Equations (10), (2b), (3b), (4b), and 
(5a). In this step, everything to the left of Column (5), Table 4, is ignored, - 
and the c-items in Column (5) are used as multipliers for their respective 
b-equations. As there is no item in 1c-5, Equation (16) drops out of this step. 
To compute an item in any column on line 5), multiply each b-item in the 
column by the c-item of its equation in Column (5), and add the products to the 
(5a)-item above the term being computed, thus: l 


2-5. X 2654-3b-5 C8605 + 4b-B) 40-8 -hibe-bo— Bbeb 

4b-6 X 4e-5 Bie 
2b-N X 2c-5 + 3b-N X 3-5 + 4b-N X 4e-5 + 5a-N = 5b-N 
2b-E X 2c-5 + 3b-E X 30-5 + 40-E X 4c-5 + 5a-E = 5b-E 
2b-8 “X 2-5 + 3b-S XK 3c-5 +468 X 40-5 + 50-8 = 5bS 


always using the c-items in Column (5) as the multipliers for the corresponding 
b-items in the other columns. Equation (5b) is now checked by adding across’ 
to 5b-S. Equation (5c) is formed by multiplying Equation (5b) by the nega- 
tive reciprocal of its principal term, and is checked by adding across, including 
the — 1.0, to equal 5c-S, very nearly. Equation (6b) is formed by combining 
the previous b-equations with Equation (6a) as already explained, and is’ 
checked on 6b-S. 

Back Solution.—The same routine is followed to the formation and check of 
Equation (8c), which expresses the correction at junction 8 as an explicit 
function of no other unknown. In other words, the corrections at junction 8 
appear in the absolute columns on line 8c, and are — 5.1507 in northing and | 
— 5.1115 in easting. As the first unknowns evaluated, these are entered on 
lines CN and CE, respectively, in Column (8) of the back solution. To provide 


j 
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a check, 8c-S is entered in CS-8. Then, in Column (8), CN + CE — 1.0000 
should equal CS, very nearly. (This check was already applied on line 8c.) 
The corrections at junction 7 may be evaluated next. Equation (7c) ex- 
_ presses each correction at junction 7 as an explicit function of the corresponding 
correction at junction 8, which is already known. The corrections at junction 
8 (which will be called, collectively, C8) are therefore substituted into Equation 
(7c) to evaluate C7. As these corrections, in reality, are independent variables, 
it will be necessary, in the back solution, to substitute them separately, and to 
evaluate but one correction at a time. Thus: 


CN-7 
CE-7 


CN-8 X 7c-8 + 7c-N 
CE-8 X 7c-8 + 7c-E 


ll 


and, 
CS-8 X 7c-8 + 7c-S = CS-7 


The (CS)-item is not a correction but is used as a check on the others and is 
computed in the same manner. For the check, as before, CN-7 + CE-7 
— 1.0000 = CS-7. Similarly, C6 is computed by substituting C7 and C8 into 
Equation (6c), and is checked by adding CN, CH, and — 1.0000 to equal C§, 
very nearly. Thus: 


CN-7 X 6c-7 + CN-8 X 6c-8 + 6c-N = CN-6 
CE-7 X 6c-7 + CE-8 X 6c-8 + 6c-E CE-6 


and, 
CS-7 X 6c-7 + CS-8 X 6c-8 + 6c-S = CS-6 


In like manner, all evaluated corrections are substituted successively into 
the next preceding c-equation for the evaluation of the corrections at the next 
preceding junction. The same check is applied to all; namely, CN + CEH 
— 1.0000 = CS. Note that in Equation (5c) there are no items in Columns 
(7) and (8); C7 and C8, therefore, do not enter into the computation of C5, 
as their multipliers are zero. Similar conditions are found throughout the 
remainder of the back solution, materially reducing the labor required for this 
part of the problem. When all the corrections have been computed and 
checked, back to Cl, they are entered on the diagram on Fig. 1, as already . 
explained. 
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PAPERS 


REVATION OF THE STATISTICAL THEORY “OF 
TURBULENCE TO -—HYDRAULICS 


By A. A. KALINSKE,? Esq. 


SYNOPSIS 


The basic principles of the statistical theory of fluid turbulence are outlined 
in this paper. Only those ideas and conceptions of importance in hydraulics 
problems are presented; the more complicated mathematical details are 
omitted. Turbulence can be characterized by intensity parameters which are 
the root mean square values of the fluctuating velocity components, and a 
length parameter proportional to the most probable eddy size. The specific 
parameters used in characterizing the energy dissipation and the diffusion 
power of turbulence are derived, and experimental techniques and data are 
presented to illustrate how these parameters are obtained. The two major 
problems in hydraulics in which knowledge of the turbulence mechanism is of 
importance are those involving the increase or decrease of energy dissipation, 
and the transportation of sedimentary materials. The practical application 
of the theories of turbulence to some specific problems is indicated. The 
experimental data were obtained by injecting color streams and suspended 
immiscible liquid droplets into turbulent water streams and by using motion- 
picture photography. 


PURPOSE OF PAPER 


Since about 1930, both in Europe and in the United States, considerable 
research on fluid flow has been concerned with the fundamental aspects of the 
mechanism of fluid turbulence. In aeronautics, wind-tunnel and atmospheric 
turbulence has been an important field of research since about 1925. Some 
of the findings of the aeronautics engineers and physicists have been permeating 
gradually into the hydraulics literature. Certain fundamental investigations 
on water turbulence have been conducted, and more and more are being started. 
However, all this talk and writing about turbulence generally leaves the 
practical hydraulic engineer quite uninterested. The practical usefulness, 


Norz.—Written comments are invited for immediate publication; to insure publication the last dis- 
cussion should be submitted by February 15, 1940. 


1 Assistant Prof., Iowa Inst. of Hydraulic Research, State Univ. of Iowa, lowa City, Iowa. 
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either immediate or future, of knowledge relating to turbulence does not seem 
very apparent. 

It is the purpose of this paper to correlate the knowledge of fluid turbulence 
with the solution of some practical hydraulics problems, and to present the 
information on fluid turbulence, already in existence, in a more simplified form. 
Some experimental data obtained by the writer and others will be presented, 
and various experimental techniques for obtaining pertinent information on 
liquid turbulence will be discussed. 


Wuat Is TuRBULENCE? 


Turbulence, as it is present in wind-tunnel air streams, has been studied for 
some time and has gradually attracted the attention of hydraulics engineers, 
because there are many hydraulics problems which would be better understood 
if more were known of the mechanism of turbulence. 

When observing turbulence by injecting a dye or some other material into 
water, or when observing smoke coming from a chimney, a most haphazard 
mixing process is seen, seemingly unpredictable in nature. Fundamentally, it 
_ may be said that a fluid at any point is in a state of turbulence if the direction 
and magnitude of its velocity vector vary with time. This variation is 
relatively rapid and in general cannot be predicted except in the probability 
sense. Turbulence may be caused as a result of high shearing stresses set up 
in a fluid in motion, by obstructions in the path of a fluid, by passing a fluid 
through a screen or honeycomb, or by some means such as mechanical stirring. 
Confusion has arisen in the minds of some regarding whether or not there is a 
definite periodic relationship between a velocity component at a single point 
with respect to time. True turbulence is of an entirely random nature without 
any kind of regular periodicity. A stream of discrete vortices which form 
directly behind a body immersed in a moving fluid, such as the von Kaérmén 
vortex street, is not true turbulence; it is referred to as vortex motion, which 
breaks down eventually into true turbulence. 

Turbulence manifests itself in the form of large and small eddies, whirling 
about from one layer of fluid to another. These eddies can transfer momentum, 
mass, heat, etc., from layer to layer, and can also cause the high dissipation of 
energy that characterizes turbulent flow. It is apparent then that, to charac- 
terize various quantities regarding turbulence (such as, for instance, the size 
of the eddies, the velocity at a point, or the frequency of velocity fluctuation), 
average quantities must be dealt with and the principles of statistics employed 
in determining and in using these quantities. Additional fundamental ideas 
regarding turbulence can be found in the writings of H. L. Dryden,? Hunter 
Rouse,’ Assoc. M. Am. Soe. C. E., and Boris A. Bakhmeteff,4 M. Am. Soe. C, HE. 


2‘*Measurements of Intensity and Scale of Wind-Tunnel Turbulence,” by H. L. Dryden, Report No. 
681, National Advisory Comm. for Aeronautics, 1937. 

3‘Modern Conceptions of the Mechanics of Fluid Turbulence,” by Hunter ROE Transactions, 
Am. Soc. C. E., Vol. 102 (1937), p. 463. 

4‘‘Mechanics of Turbulent Flow,” by Boris A. Bakhmeteff, Princeton University Press, 1936. 
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Basic PRINCIPLES OF STaTisTIcAL THEORY OF TURBULENCE 


_ At the outset let it be noted that a complete and mathematically rigorous 
theory of turbulence has not as yet been developed. However, as far as the 
hydraulics engineer is concerned, such a theory, even if available, would be of 
little use. The mathematical difficulties are so great that the development of a 
rigorous analysis has taxed some of the best mathematical minds. The various 
ideas that have helped greatly in understanding the mechanism of turbulence 
are those developed by L. Prandtl,® G. I. Taylor, and Theodor von Karman,’ 
M. Am. Soc. C. E. The basic statistical principles they have set forth have 
been checked experimentally, and are of fundamental importance in an under- 
standing of the turbulence mechanism. 

It is convenient to represent the varying velocity vector at any point in 
turbulent flow by means of the velocity components along three rectangular 
axes. The velocity in the direction of mean flow, which is taken along the 
z-axis, at any instant is represented as (U + u), in which U is the mean velocity 
in that direction and w is the fluctuation in that direction. Obviously, the 
arithmetic mean of wis zero. The velocity along the other two axes, y and z, 
is represented as (V + v) and (W + w), respectively. If the mean flow is 
in the «z-direction, V and W are zero. Since wu, v, and w are quantities that 
vary with time, it is useful to represent them by certain statistical averages. 
Before this is done, the statistical distribution of these quantities should be 
investigated. Thatis, what is the form, for instance, of f(v) which is a function 
such that f(v;) dv indicates the probability that the value of v lies between 2; 
and v; + dv? Such a function, f(v), is called a statistical distribution function. 
If the value of v could be determined at any point for a sufficiently long period 
of time the general form of f(v) could be found. 

The value of the velocity component v with respect to time is shown in 
Fig. 1. These data were obtained in a turbulent water stream at a point near 
the center of a 12-in. by 12-in. open channel where the mean velocity was 7.8 
in. per sec (see heading “Experimental Technique’’). A block diagram indi- 

- cating the frequency of occurrence of various values of v is shown in Fig, 2. 
The smooth curve in Fig. 2 has the equation, 


f(D) 3 pO ee ee ttn le cle (1) 


in which: a = a , to simplify typography, and \>3 = 0.725 for the data in 
v 


Fig. 1. The bar over a term or terms indicates a mean taken with respect 
to time. 

This is the ordinary normal error law. Other investigators* have found the 
same type of distribution law, thus indicating the random nature of the velocity 


6 ‘Aerodynamic Theory,” by W. F. Durand, Vol. III, J. Springer, Berlin, 1935, p. 162. 
eis. pistes Theory of Turbulence, ‘‘by G. I. Taylor, Proceedings, Royal Soe. of London, Vol. 151A, 
+ De . 
7“Turbulence,” by T. von Kaérm4n, Journal, Royal Aeronautical Soc., Vol. 41, No. 324, December 
1937, p. 1109. 
j 8 ‘Investigation and Analysis of Velocity Variation in Turbulent Flow,” by L. F. G. Simmons and 
_ C. Salter, Proceedings, Royal Soc. of London, Vol, 145, 1934, p. 242. 
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fluctuations. If the distribution function is of the same general form, different 
degrees of turbulence can be indicated by some average value of the quantities 
u,v,andw. The most significant average is that called the root mean square, 
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Time, in Seconds 
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L 
=1.0 ++ 


Bay 3.0 4.0 5.0 
Time, in Seconds 


Fic. 1—TRANsvERSE VELOCITY FLUCTUATION FOR TURBULENT FLOW IN 4 CHANNEL 


or standard deviation, designated as Vi, forinstance. The standard deviation 
indicates the spread of the distribution curve; also, its square, such as 2”, is 
proportional to the energy of the turbulence for that velocity component. 

Various types of turbulence can be designated depending on the relative 
magnitude and interrelationship of u, v, and w. The simplest type of turbu- 
lence, from the mathematical viewpoint, is that referred to as isotropic turbu- 
lence. In this type of turbulence v? = uv? = w?, and also quantities of the 
type uv, uw, andv ware zero. These terms are referred to as mean products 
in statistics. If quantities such as uv are different from zero, a mean shearing 
stress and a mean velocity gradient exist in the fluid. In ordinary two- 
dimensional flow the mean shear stress, 7, is represented as, 


in which p = unit density. A simple derivation of this is given by Messrs. 
Rouse* and Bakhmeteff.4 Isotropic turbulence, therefore, cannot exist near 
a boundary. It is only approached in the center of large conduits and in 
artificially created turbulence, such as that beyond screens or grids. The 
turbulence in a hydraulic jump probably approaches isotropy. 

Another fundamental concept that is useful in discussing turbulence is that 
of the correlation coefficient. In order to characterize a turbulent condition 
more completely, in addition to the quantities v2, v?, and w®, which characterize 
the intensity of the turbulence, a scale factor is necessary. Two different 
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turbulent flows may have the same intensity, but the average size of the eddies 
may be entirely different. In order to identify the scale of the turbulence, 
Professor Taylor® has suggested that the instantaneous velocity components, 
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either v or u, be measured simultaneously at two different points, along either 
the z-axis or the y-axis, over an appreciable period of time. Suppose v is 
measured simultaneously at two points a distance x apart. Let v; be the ve- 
locity at one point and v2 that at the other point at the same instant, and define 
a number R, such that, 

jig mute et Mauls Uae team they Pains) (3a) 


> 


Since v2 = v2? = v? Equation (3a) can be transformed into 


The term R, is known in statistics as a correlation coefficient. Now, if the 
two points are close so that they are within the average size eddy, v; and 2» will 
tend to be of approximately equal magnitude and of the same sign, and R} 


. 
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will be nearly unity. However, if the two points are an average eddy diameter 
or more apart, R, will approach zero. Experiments verify this fact. Pro- 
fessor Taylor then defined a quantity, which is characteristic of the scale of 
the turbulence, thus: 


in which x = the distance when R, approaches zero. Experimental values 
of R,, as determined in the center of a 12-in. by 12-in. water channel where 
the mean velocity was 7.8 in. per sec, are shown in Fig. 3. Investigations of 
the variation of the correlation coefficient have proved helpful in the study 
of wind-tunnel turbulence, and should undoubtedly be useful in identifying 
various conditions of hydraulic turbulence. 


TURBULENCE AND ENERGY CONSIDERATIONS 


First, the concept of energy of turbulence should be clearly understood. 
The kinetic energy per unit volume at a point in a turbulent fluid at any 
instant for the velocity component along the «z-axis can be represented as 0.5 


; (U+u)?. (The term w represents the weight of a unit volume of water.) 


The average kinetic energy is then 0.5 ; (U2 + v2), since the arithmetic mean 


value of wis zero, The term 0.5 p U*is the kinetic energy of the mean velocity. 
The energy represented by the other two velocity components is 0.5 p v* and 
0.5 pw. Therefore, the total energy due to turbulence per unit volume is, 


Bp = 0.5) G2 + ¥F 4 0). ST eee (5) 


If the turbulence is uniform in the direction of flow (that is, if it does not 
change, such as in a uniform pipe), the energy present due to the turbulence 
need not be taken into account in any energy equation. However, if the energy 
of turbulence varies from point to point, such as occurs in conduit expansions, 
beyond bends, through valves, etc., its omission, in any study of energy changes, 
results in an error. An important item regarding turbulent energy is that it 
is a form of degraded energy and will eventually be transformed into heat, 
and can never be recovered. 

How does turbulence cause the dissipation of energy? All energy is dissi- 
pated into heat through the action of viscosity. If there were no viscosity, 
there would be practically no energy loss, and any turbulent energy created, 
such as in a sudden expansion, would tend to persist indefinitely. The high 
internal shear stresses set up by the turbulent eddies cause the large energy 
dissipation in turbulent flow. 

In pipe flow, for instance, potential energy is being dissipated constantly 
into the form of heat. For turbulent flow, a simplified derivation for the rate 
of transference of the potential energy producing flow into energy of turbulence 
is as follows: Let the mean tangential shearing stress at a point in a circular 
pipe be 7. The mean difference in velocity between two layers of fluid is AU, 
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The work done per unit time by the force 7 on an area (Az Az) is then equal 
to (7 AU Az Az). The work done per unit of time per unit volume of fluid is 
AU F hea yap aae bred Usnens ‘ : 
7 Ry or, in the limit, + der in which da is the mean velocity gradient. The 
mean unit shearing stress, 7, at a point distant y from the center of a pipe, 
of radius r is equal to: 


in which: hy = loss of pressure head in pipe length, ZL, and w = unit fluid 
weight. This shear stress can also be represented as, 


dU dU = 
ame dy lle jaueltahey es ba. Neh doe oes etd (7) 


in which: » = viscosity; p = unit density; and e = mechanical viscosity due 
to turbulence (may vary from point to point). Except near the wall, in fully 


developed turbulent flow, the quantity yu = is very small in comparison to 


pe a . Thus in turbulent flow most of the potential energy is first transferred . 


into turbulent energy at a rate represented by + oe per unit volume. The 
turbulent energy is then changed into heat by the action of viscosity. The 


‘Values of Correlation Coefficient, Rz 
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tate at which potential energy is transferred into turbulent energy is not 
necessarily equal to the rate of energy dissipation into heat, at any one point. 
The turbulent energy can be diffused to other points by the action of the eddies, 
and then dissipated into heat, 


EL 
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The mechanism by which turbulent energy is dissipated into heat is quite 
complicated, even in the simple case of isotropic turbulence. The rate of 
this energy dissipation is proportional to the viscosity times the mean square 
of the various instantaneous turbulent velocity gradients—that is, quantities 


2 
such as pw (3) . The partial derivative sign is used because the component 


v also varies with yandz. The general formula for turbulent energy dissipation. 
is given and discussed by Professor Taylor.? For isotropic turbulence Pro- 
fessor Taylor has shown that the mean rate of dissipation of energy per unit 
volume of fluid is: 


Various simple relations exist between the different mean turbulent velocity 


{ 2 2 
gradients in isotropic turbulence. For instance (2) = (2) , and 


ov ) : (4 )- 
oy/ \oz 
2 
One method of determining the value of a quantity such as (ee ) is by use 


of the correlation coefficient concept. Recalling the definition of R, from 
Equations (8), if the values (v; — v2)? are obtained for small values of x, then 


approximately, 
(v1 — v2)? av \? 
Sees = (2) ajesaaits-a eee eee (9) 
Thus, 
d0)\" Lite waht th B,) 
SAL 5) Nes eed, 
(2) 20 Limit | oe (10) 
Therefore, 
15 pv 
2 k= Ce (11) 


: 7 x 
in which A = Limit ( —————. }.. 
in Limi ( r 2) 


istic of the turbulence as far as energy dissipation is concerned. The value of 


The term Ais a length, and is a character- 


2 
d for the data shown in Fig. 3 is 0.56 in. The value of (2) is then 3.32, 


since v? was 0.52. | 

In analyzing the velocity fluctuation at a single point, the statistical) 
distribution function was found to indicate the frequency of occurrence of 
various values of v, as shown in Figs. 1 and 2. It is of interest to make a 
similar type of statistical analysis of the distribution of the energy of the 
turbulence, such as 0.5 p v?, among the various frequencies. This will be usefull 
in showing what is the average magnitude of the frequency of the velocity 


as ae ene Theory of Turbulence,” by G. I. Taylor, Proceedings, Royal Soc. of London, Vol. 151A, 
5, Dp. : 
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fluctuation. A function f(n) is to be determined such that f(n) dn indicates 
the most probable proportion of the total energy, as represented by 0.5 p v2, 
lying between the frequencies n and (n + dn). More exactly, f(n) dn does not 
indicate the fractional part of the total energy lying between the frequencies 
n and (n + dn), but rather, the probability of the total energy lying in that 
range of frequencies. The method of the determination of f(m), from experi- 
mental velocity fluctuation data, has been indicated by the writer in a previous 
paper.'° It can be shown that, 


dv \? 4 a2 vn? 
(2) a eee ee (12) 


in which n? = f n® f(n) dn, since fi f(n) dn = 1. A plotting of f(n) against 
0 0 

n is shown in Fig. 4 for the velocity data shown partly in Fig. 1. The value 
2 

of Vn? = 3.25 and that of ) is 3.56. This determination of (ED) 


Ox 
checks very well with the calculation by the correlation coefficient method as | 
given by Equation (10). That the two methods are mathematically equivalent 
can be demonstrated. However, different data are used in each method to 
obtain the same final result. 


Dirrusion CHARACTERISTICS OF TURBULENCE 


Turbulence eddies are capable of causing the exchange of momentum, heat, 
matter, etc., from one layer of fluid to another. Near solid boundaries the 
existence of a mean velocity gradient across a turbulent fluid indicates that 
momentum is being transferred from one layer of fluid to another. A temper- 
ature gradient indicates the transfer of heat; and a suspended material gradient 
in a turbulent stream indicates the rencter of matter. The characterization 
of a turbulent flow as to its diffusing or exchange power is an important item 
in any investigation of turbulence. The process of mixing in a turbulent 
fluid stream is often referred to as “eddy diffusion.” 

The laws of molecular diffusion have been applied to mass transfer processes 
in turbulent fluid streams." However, the complete validity of this procedure 
is open to question, since the motion of fluid masses is not comparable to that 
of gas molecules. A common and convenient method of studying the diffusing 
power of turbulence is to observe the spread of heat, matter, or color from a 
point source of the heat, matter, or color injected in the turbulent fluid stream. 
Experiments were made by injecting a constant stream of color through a 
fine tube, and also by injecting colored droplets of a mixture of carbon tetra- 
chloride and benzol, having the same specific gravity as water, and photo- 
graphing the transverse spread of the color, or the droplets, with a motion- 
picture camera. The important quantity to determine from such experiments 


10*‘Application of Statistical Theory of Turbulence to Hydraulic Problems,” by A. A. Kalinske and 
E. R. Van Driest, Jun. Am. Soc. C. E., Proceedings, Fifth International Cong. of Applied Mechanics, 1938. 


1'‘Studies in Eddy Diffusion,” by W. L. Towle, T. K. Sherwood, and L. A. Seder, loc. cit., 1938. 
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is the mean square cross-stream or transverse travel of the color at various 
distances downstream from the point of injection. Fig. 5 shows some sketches 
of typical motion-picture frames of the color and the droplets. The transverse 


Water Surface 


Water Surface 


Color Stream 


(0) 


Fic. 5.—Sxercurs or Typican Morion-Picturn FramEs, SHow1NG CoLor STREAM, (a), 
AND CoLorep ImmisciBLE Dropiets, (b) 


travel at any distance x downstream is called Y and its mean square value Y°. 
Professor Taylor! has developed a theory relating « and Y?. His general 
premise is that the statistical correlation between the velocity of a fluid mass 
at one instant and at another later instant is high when the time interval is 
small, and this correlation approaches zero when the interval becomes large. 
This theory shows that Y? varies as x? for small values of x, and gradually 
approaches a direct variation with x, as x increases. Professor Taylor! 
showed that 


2 Ss: t 
ones = ef Rea seen ee (13) 
0 


in which: »? = mean square transverse velocity fluctuation; R; = correlation 
coefficient between velocity of a fluid mass at one instant and at an instant, f, 


later = + LS a ; and U = the mean forward velocity. When R; is near: 
v 
; , 
unity sf R; dt is equal to t and Y* is given by: 
0 
Se ys 
Ss TE eee (14)y 


__ Fig. 6 shows experimental data obtained by the writer on the relation o: 
Y? and a in a turbulent water stream near the center of a 12-in. by 12-in, 


open channel at a point where the mean velocity was 7.8 in. per sec and Vo, 
was 0.78 in. per sec. Note the initial linear relationship of V Y? and x ; and 


irs Na by Continuous Movements,” by G. I. Taylor, Proceedings, London Math. Soc., Vol. 200) 
1921, p. 196. 


ed 
October, 1939 THEORY OF TURBULENCE 1397 
at larger values of «, the linear relationship of Y2 and xz. Note also that the 


initial slope of the V¥2-curve determines the value of Vo? according to Equa- ° 
tion (14). 
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Fie. 6.—ExppriMentaL Data on Dirrusion In A TURBULENT WATER STREAM 
(Bars Over Squared Terms Indicate the Mean of the Squares and not the Square of the Mean) 


A mathematical relationship between Y? and z is not a very convenient 
means of characterizing the diffusing power of turbulence. A diffusion coefti- 
cient would be the logical thing to determine. Using the ideas of molecular 
diffusion theory, such a coefficient would be defined as: 


U ( dY? 
pa G(s) Cee CCC DAs Cpr thre tr ee beri, | (16) 


2 
The value of (2) for the data in Fig. 6 is 0.059. The dimensions of 
max 
2 
D are 2 , or a velocity times a length. The velocity is the root mean square 


transverse velocity, V2, and the length term is the length associated with 
mixing processes. This length term is proportional to the size of the turbulent 
eddies, and to Prandtl’s so-called “mixing length.” 

It should be added that the relative concentration of the color or droplets 


transverse to the turbulent stream varied according to the normal error curve; 
that is, 
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1 . 
2¥2 
The probability that a particle would lie between Y and Y + dY is given 
by N aY. 

A knowledge of the diffusing power of turbulence is most important in 
studies of suspended material transportation. The diffusion coefficient is 
proportional to the so-called. coefficient of eddy viscosity, or mechanical 
viscosity, usually designated by e, and occurring in the formula for shear 
stress caused by turbulent exchange of momentum: 


in which: 6 = 5 to simplify typography; and o? = Y%, so that b = 


o?? 


The proportionality between e and D must be determined experimentally. 


EXPERIMENTAL TECHNIQUES 


The different quantities which it is desirable to determine in order tc 
characterize turbulence have been discussed. A more detailed explanation of 
the experimental methods that have been used and are available for the 
determination of these various quantities will be outlined briefly. The in- 
tensity of the turbulence is given by the magnitudes of Vie, Vv, and V w? 
It is practically impossible to determine all three of these fluctuating compo- 
nents at the same instant. In aeronautics and wind-tunnel studies the hot- 
wire anemometer has become the standard instrument for measuring v2, The 
cross components, v? and w?, can be determined with a special type of hot-wire 
anemometer.* The hot-wire anemometer has not been used very successfully 
in water, due primarily to difficulties such as collection of air bubbles andi 
other foreign matter on the wire, the extreme magnification of the fluctuating: 
current that is necessary in high-velocity water, and various other troubles. 
Nevertheless, it has been used in water at lower velocities and undoubtedly 
will find further use. 

One of the most convenient methods of determining simultaneous values: 
of u and v, or u and w, in water, is by studying the motions of particles sus— 
pended in the flowing water. If illuminated, such particles make streaks on) 
motion-picture film, and from the length and direction of the streaks two 
components of the velocity can be determined. Particles made from a mixture 
of carbon tetrachloride and benzine, having a specific gravity equal to that of 
water, have been used. The particles are illuminated by a narrow plane off 
light, so that only those particles in the light are visible. 

Another method used by the writer to obtain values of the cross velocity.. 
v, for very short intervals of time, involves a thin color stream injected into’ 
the stream through a fine needle. A motion picture was taken of this strea 
close to the needle. The velocity v for very short intervals of time is eee 
by measuring the transverse travel Y for short distances, x, downstream. 
Distance z is short enough so that the direction of the color stream is practically 


13 National Advisory Comm. for Aeronautics, Technical Report No. 581. 


“er 
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a straight line. The value of v is then fs in which ¢ is ae A large number 


of values of v enable the calculation of Vv. Such a color stream is shown 
in Fig. 5. The writer has found that good measurements of simultaneous 
values of u and v can be made by photographing, with a constant speed motion- 
picture camera, the travel of the immiscible droplets for a distance of about 
1 in. from the point of injection. A magnifying type of close-focusing lens is 
used on the camera so that a picture is obtained of an area of about 2'sq in. 
Following the movement of the particles from frame to frame on the film 
permits the determination of wu and », and if sufficient data are obtained the 
quantities Vv, Via u2, and u V can be calculated. 

Another method of determining V0 is from diffusion experiments, by 


finding the initial slope of the V Y-curve, as shown in Fig. 6, and using Equation 
(14). The energy dissipative Ela Pacteristies are determined by finding a 
factor proportional to the mean square of the turbulent velocity gradients 
such as \, which was defined by Equation (11), or the factor n?, as defined in 
Equation (12). The term \ can be determined by measuring the correlation 
coefficient R,, and the term n? is calculated by analyzing the velocity fluctuation 
at a single point. In air flow R, is determined by use.of two hot-wire ane- 
mometers placed a distance x apart. The writer was able to measure R, by 
injecting color at two points, a distance x apart, simultaneously, and photo- 
graphing the two streams together. 

The determination of the diffusion coefficient by diffusion experiments has 
been discussed. Undoubtedly, this is the most direct means of finding the 
diffusion characteristic of turbulence. Evidence exists that the diffusion 
coefficient is related to the intensity of the turbulence as given by Vit, and 
the length factor A. The term ) is proportional to the size of the eddies, 
and the greater it is, the greater is the diffusion for a given value of V2, 

Unquestionably, the photographic method is an accurate and ideal method 
for making fundamental studies of turbulence in the laboratory. It is time- 
consuming and tedious, particularly the analyzing of the data recorded on the 
motion-picture film. An instrument that would give accurate recordings of 
ihe instantaneous velocity in a direction either longitudinal or transverse to 
the flow would be useful. Of course, such an instrument would have to be 
sompared with data obtained by the photographic method in order to insure 
hat it is following the velocity fluctuations accurately and is not introducing 
urbulent effects of its own. A forward step in the development of such an 
nstrument has been made by C. W. Hubbard," who has developed a so-called 
‘angularity” indicator which measures the mean angle of flow. This angle, 
wf course, is proportional to the mean transverse velocity. 

The cup type of current meter is very sensitive to turbulence. However, 
Jecause of its inertia it does not follow all the velocity fluctuations exactly. 
t does give some information regarding the magnitude of the velocity fluctua- 


14 “Investigation of Errors in Pitot Tubes,” by C. W. Hubbard, Preprint No. 3, A. S. M. E., Annual 
Meeting, 1938. 
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tions and the size of the eddies, if the speed of rotation of the vane is obtained, 
by some automatic recording arrangement, for short intervals of time over an 
extended period. 


RELATION OF TURBULENCE RESEARCH TO HypRAULICS PROBLEMS 


Energy Dissipation—There are many problems in aeronautics, physics, 
chemical engineering, and meteorology in which knowledge of the turbulence 
mechanism is quite important. However, this paper will be confined entirely 
to outlining some specific problems in hydraulic engineering which could be 
solved more accurately and more completely with information on turbulence. 

Considering the general problem of energy dissipation, there are various 
individual problems which require a knowledge of the manner in which energy 
is dissipated. There are some design problems in which it is desired to obtain 
the maximum energy dissipation possible, and some in which the energy dissi- 
pation must be a minimum. 

In a conduit of expanding cross section, the additional losses of energy asso- 
ciated with such an expansion are directly attributable to the creation of 
turbulence energy beyond that ordinarily present in uniform flow. In such an 
expansion, whether gradual or sudden, there is first an increase in the energy 
of turbulence and then a decrease. 

In order to study the energy transformations completely, the energy of 
turbulence as given by Equation (5) must be found, in addition to the ordinary 
kinetic energy, as computed from the average velocity distribution. Fig. 7 
shows some typical velocity data as obtained by the method of streak motion 
pictures in a 3-in. circular pipe. Fig. 8 shows similar data for a section of a 
3-in. by 5-in.expansion. The rate of flow in both cases was 0.0818 cu ft per sec. 
In computing the turbulent energy the transverse velocity component, w, was 
assumed equal to v?; this is quite true for flow in a circular conduit, except very 
near to the wall. The total mean kinetic energy as obtained from the mean 
velocity distribution is given by, 


The total energy of turbulence is 


Bi=rp { vUG@+E+ iB) dy 1b is, Ue ae (20). 
0 


The value of H, in the 3-in. pipe is 0.255 ft-lb, and E; is 0.00793 ft-lb. In this 
case Hyis 3.1% of Hm. The value of HZ, in the expansion at the 3.75 diameter 
section is 0.157 ft-lb, and EZ; is 0.0135 ft-lb, or 8.6% of Em. Note the relatively 
higher value of the turbulent energy in the expanding portion. Data such as 
that given in Fig. 8 enable the accurate study of the energy changes takin 
place from point to point. : | 
Although turbulent energy can be created very quickly, for instance, in 
sudden expansion, the dissipation of that energy does not occur immediately. 
The expression ‘“‘shock loss” is used many times to describe the energy loss a 
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a sudden expansion. This is a misnomer and gives a wrong impression as to 
how the energy loss really occurs. The sudden change in velocity causes ex- 
treme turbulence; the energy represented by such turbulence is then gradually 
dissipated downstream by the action of viscosity. In the final analysis, vis- 
cosity, or friction, is the cause of the dissipation of energy into heat. 

If it is desired to dissipate considerable energy, such as below dams or 
spillways, or to reduce the mean velocity of flow in steep chutes or conduits, 
much can be learned in regard to such problems from the theory of the turbu- 
lence mechanism. The rate at which potential energy per unit length of 
circular conduit is converted into turbulent energy is: 


hy _ ile 
oyna ff 1 iy UAE ee 
in which: = loss of head per foot of conduit; Q = total weight of water flow- 
ing in unit time; 7 = unit shear stress at y distance from the center; and 
r = piperadius. For fully developed turbulent flow the shear stress is equal to 


pe = , in which eis proportional to the diffusion coefficient, or more specifically, 


to the quantity Ve 1, in which V0? is the intensity of the transverse turbulent - 


velocity, and 7 is a length factor determined by the size of the eddies. There- 
fore, the rate of potential energy transformation can be increased by increasing 
e, which can be done by introducing large-scale roughness so as to produce large, 
intense eddies. 

For a given intensity of turbulence the smaller the eddies the higher the 
rate of energy dissipation will be, as is seen from Equation (11). The term X 
will be smaller when the eddies are smaller, and therefore the average rate of 
energy dissipation will be greater. Thus, it appears that once the poten- 
tial energy or mean kinetic energy of flow is in the form of turbulent energy, the 
dissipation of this turbulent energy can be hastened by the breaking down of 


the large eddies into smaller ones. This principle can readily be taken ad- | 


vantage of in the destruction of kinetic energy below dams and spillways. 
Thus, in converting potential energy into turbulent energy, such as for flow 
in a pipe or channel, the mean velocity can be reduced by the creation of intense 
large-scale eddies. To destroy the kinetic energy of high-velocity flow below 
a dam, it is desirable to produce intense, small-scale eddies. 


TRANSPORTATION OF SUSPENDED MATERIAL 
The relation of the distribution of suspended material to the exchange 
characteristics of turbulence has been quite well established. 1 For equi- 
librium conditions the general statistical equation is: 


ON = 6N 25.5.2 cen Soe ee (22) 


in which: »v = instantaneous vertical velocity component; N = instantaneous 


18 ‘Review of Theory of Turbulent Flow and Sediment Transportation,” by M. P. O’Brien, M. Am. 
Soc. C. E., Transactions, Am. Geophysical Union, 1933, p. 487. 

16 ‘Mechanics of Suspended Material Suspension,’ by Hunter Rouse, Proceedings, Fifth International 
Cong. of AppliedsMechanics, 1938. 
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sediment concentration per unit volume; c = average velocity of fall of single 
sediment particles in still water; and N = mean sediment concentration at any 
point above the stream bed. The left side of Equation (22) indicates the net 
transport of material upward by the turbulence, and the right side is the quan- 
tity that settles due to gravity. Under equilibrium conditions they are equal. 
The value of N at any instant can be represented as (V -- AN). Then the 
value of v N at any instant is (v N +» AN). It is quite apparent that when » 
is upward, AN will be positive, and when v is down AN will be negative, since 
the concentration of sediment in general increases from top to bottom of a 
stream. The mean value of v N is then + v AN, since the mean value of v N 
is zero, because the arithmetic mean value of »v is zero. The question now 
arises as to how large AN is. This depends on the distance from which the 
suspended material is brought up or down or, in other words, on the scale of 
the turbulence or size of the eddies. Introducing a length factor, J, character- 


izing the diffusing scale of the turbulence: AN = iD ; and Equation (22) be- 
comes 

Ni uf 

Di ipa east ete nt des ae sK28) 
The term v /, which may be called 8, is proportional to the diffusion coefficient 
defined in Equation (16). Whether 8 is identical to the momentum exchange 
coefficient, « occurring in the shear formula, must be investigated experimen- 
tally. To date they have been assumed equal, and preliminary investigations 
indicate that they are identical. Integration of Equation (23) leads to a rela- 
tion between the unknown sediment concentration, N, at any point y above the 


stream bed, and a known concentration, Na, at a point a distance above the 
bottom of a stream or canal: 


Lowe 3 =-c¢ } See. aT ERE. 9-010 (24) 
This expression for silt distribution has been checked both in artificially created 
turbulence and also in natural streams. The term @ varies vertically in a 
natural stream, tending to increase away from the bottom, reach a maximum 
at about the mid-depth, and then decrease as the surface is approached. 
However, the exact variation has not yet been determined. 

Another important problem regarding turbulence and suspended material 
is the predication of the actual concentration at some point (for instance, just 
above the bottom), knowing the composition of the bottom, the various hy- 
draulic factors, such as mean velocity and depth of flow, and the intensity and 
diffusing power of the turbulence. Such a relation is necessary if the expression 
for sediment distribution (Equation (24)) is to be of great practical usefulness. 
The mechanism of the picking up of sediment from the stream bottom by the 
turbulent eddies merits intensive experimental investigation. However, such 
an investigation will be of little fundamental value if the intensity and the 
diffusing power of the turbulence is not determined at the same time. 

In the problems of silt sedimentation, the diffusion characteristics of turbu- 
lence are also extremely important. To illustrate how the theory of turbulent 


1404 THEORY OF TURBULENCE Papers 


diffusion can be applied to the sedimentation of silt, two general problems will 
be analyzed. 

Problem 1.—Consider the problem in which sediment is settling in a turbu- 
lent stream, and it is desired to know what the silt distribution is at various 
distances downstream from the point at which settling starts, and at which 
point the silt distribution is known. The assumption will be made that the 
turbulence is of such magnitude that most of the silt that reaches the bottom is 


Bottom 


Fic. 9.—SEDIMENTATION IN A TURBULENT STREAM 


not picked up again. Referring to Fig. 9, if the concentration at section (1) at 
a point h; ft above the bottom is N; units per unit volume for a particular size 
of silt, what will be the distribution of these N; units at some distance down- 
stream? If the particles were weightless in water they would be diffused ac- 
cording to the laws of turbulent diffusion, and their distribution would be ac- 
cording to the normal error curve as given in Equation (17) (with o? = Y%). 
In Fig. 9, the point y = 0 would be at the height hi. Then the average concen- 
tration at point he at the section downstream will be: 


AN2 = Nis Sega ye ee (25) 
27 
in which: 6 = a sf = (he — hi)*;ando = V Y? = the root mean square diffu- 


sion distance as measured from the initial elevation, hi. If the concentrations 
N; and AN, are per unit volume, dy can be taken as unity. In words, then, 
ANzis the area under the distribution curve between (hz + 0.5) and (he — 0.5) 
times N,, the concentration per unit volume at h;. The term Y? is a definite 
function of a (see heading ‘Diffusion Characteristics of Turbulence’’). 

Since the silt settles in still water at a velocity of c, it is apparent that the 
highest concentration (the point on the distribution curve where y = 0) will be 


found a distance of 7 below hi, or, in other words, the distribution curve will 


be shifted downward a distance equal to ee 


TT: 
U used is the average velocity in the entire stream. The concentration at 
point he will then be 


For simplification the velocity / 


AN, = Netigtlons (uc by elie (26) 


:* 
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1 an es 
i Fo? to simplify 
topography. To obtain the total average concentration per unit volume at ho, ° 
values of AN» for all values of fi, from 0 to H, must be summed: 


2 
in which: i = EB bs (1 -#) | - and (as before) b = 


e : 
a Ni —bi 
N2 OAs Ca Mian iat oe. aed ay 9a os (27) 
Note that N; is a function of A; and that h, and z are constants for each summa- 
tion at any one point at section (2). Equation (27) gives the relation between 
the initial silt distribution and the distribution at another section downstream 
when settling is occurring. 

Problem 2.—The other part of the sedimentation problem is that of finding 
how much silt settles in a distance x. Of course, the difference between the 
total concentrations at two points x distance apart is what has settled in the 
time required for the water to flow a distance x. However, this is a roundabout 
process of finding the quantity that has settled in the length 2; therefore an- 
other method is used in finding this quantity. M. A. Velikanov" first pre- 
sented the method outlined herein. The probable quantity of silt that will 
settle in a distance x from all the silt that passes a point hi in a given time is 
given by the shaded part of the area under the distribution curve, as shown in 


Fig. 9. 
(AM), a ef benbut Dap None ak he ye (28) 


in which: M, = total silt passing a unit area at point hi in a given period of 
we 

oe 
reach a, is then given by 


1 iH Zz 
M, = i M, dh fi ATIC idee aap oe 29 
a oe i 1 Ny Ee 7] (29) 


Equation (29) can be simplified, especially if an approximate expression is 
sufficient. The probability integral can be evaluated readily by reference to 
books on probability and statistics. However, for the present it is deemed 
sufficient to present the basic equations only. The next important step is to 
conduct fundamental experiments in order to check these basic relations. 


time; and z = hy. The total silt that will settle in a unit time, in the 


MISCELLANEOUS PROBLEMS 


In addition to the general problems of energy dissipation and suspended 
material transportation, in which practical application is made of knowledge 
relating to turbulence, a few others may be stated, as follows: 


(1) Many explanations have been proposed in the past as to the reason for 
the surface velocity in an open channel or stream being less than the maximum. 


1‘*Theory of Probability Applied to Analysis of Sedimentation of Silt in Turbulent Streams,” by 
M. A. Velikanov, Transactions, Scientific Research Inst. of Hydrotechnics, Leningrad, 1936, p. 50. 
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The fundamental explanation is related to the turbulence mechanism, and more 
specifically to the process of diffusion of fluid masses in the form of eddies 
which are formed at the channel boundaries and then diffuse into the main 
body of the stream. 

(2) The relation between high surface-water velocity and the entrainment 
of air is dependent on the degree of turbulence in the water, which in turn 
depends on the depth of flow and the channel roughness. 

(3) A problem that has recently been studied in detail is that of the relation 
of the turbulence in a conduit to the accuracy of the Allen salt-velocity method 
of measuring discharge.!® In general, the conclusions seem to be that for a 
high degree of turbulence (that is, for relatively high velocity) the method is 
more accurate than for slight turbulence. Errors may also result if the measure- 
ments are made in a reach of pipe in which the turbulence is changing, such as 
beyond a bend, valve, pipe expansion, or other turbulence producing device. 

(4) Instruments for measuring mean velocity and static pressure in a turbu- 
lent water stream are affected more or less by the fluctuating velocities. Cur- 
rent meters, especially those of the cup type, greatly over-register in turbulent 


water. The velocity head read by a pitot tube is greater than that due to the ~ 


average velocity depending on the degree of turbulence. The static pressure 
read by a static-pressure tube placed in a turbulent fluid has a reading greater 
than the true static pressure by an amount proportional to the mean squares of 
the cross-velocity components. However, with intensities of turbulence ordi- 
narily present in water conduits or channels, the error in the reading of a well- 
designed pitot tube or static-pressure tube should be less than 1%. 

(5) In conclusion, it should be mentioned that in aeronautics the measure- 
ment of the intensity, and the scale of turbulence, is rapidly becoming a stand- 
ard laboratory procedure in all fundamental experimental work. In the near 
future, undoubtedly, such measurements will be made part of many hydraulic 


laboratory investigations. For example, if model studies are made of prob- ~ 


lems involving energy dissipation or of problems dealing with suspended 


material transportation or bed-load movement, in order that such studies be ~ 


fundamentally sound, dynamic similarity must be maintained as far as intensity 
and scale of the turbulence are concerned. Turbulence should be thought of in 


terms of definite parameters instead of just as a qualitative descriptive term — 


relating to a general condition of flow. 


ACKNOWLEDGMENT 


Pry 


Grateful acknowledgment is given to E. R. Van Driest and to J. M. Robert-_ 


son, Juniors, Am. Soc. C. E., research assistants, for help in taking and analyzing 
data. 


18 ‘*Contribution al’ Etude de la Mesure des Débits d’Eau ed Méthode Allen,” by Martin A. Mason, — 


Jun. Am. Soc. C. E., Revue Générale de l’Hydraulique, No. 24, 


MVUE RICAN SOCIETY OF CIVIL. ENGINEERS 
Founded November 5, 1852 


PAPER'S 


EFFECTIVE MOMENT OF INERTIA OF A 
RIVE PED ePLATE* GIRDER 


By ScoTr B. LILLy,? M. Am. Soc. C. E., AND SAMUEL T. 
CARPENTER,? Assoc. M. Am. Soc. C. E, 


SYNOPSIS 


The importance of the plate girder as a structural member has warranted 
many tests of its behavior under load. As an approach to the solution of this 
problem, a series of tests was planned to discover, if possible, how much the . 
flange stresses in plate girders are affected by the rivet holes in the flanges. 
In other words, it is an attempt to find what, in this report, is called the effec- 
tive moment of inertia, and, as far as the writers know, is the first attempt to 
secure such information. This report describes the methods used at Swarth- 
more College, at Swarthmore, Pa., for testing two plate girders and gives a 
resumé of the results. The intent was to obtain knowledge of the action of a 
plate girder under working conditions; therefore the girders were not loaded 
until they failed. 

Both sets of tests show that the effective moment of inertia is very close 
to the gross moment of inertia, and that a good correlation of measured flange 
stresses with calculated stresses exists if the gross moment of inertia is used. 
Some data are also presented to justify the location of the neutral axis at the 
center of gravity of the gross cross-sectional area. Finally, the writers present 
a formula for effective moment of inertia. 


INTRODUCTION 


It is customary for structural designers to consider a net moment of inertia 
in the design of plate girders. For the purpose of this paper, ‘net moment 
of inertia” will be defined as the moment of inertia computed by deducting 
the effect of the material removed by holes in the tension flange. For clarity, 
“gross moment of inertia” is defined as the moment of inertia of the solid cross 
section of the plate girder, allowing no deductions for the effects of holes in 


1 Prof., Civ. Eng., and Chairman, Diy. of Eng., Swarthmore Coll., Swarthmore, Pa. 
2 Asst. Prof., Civ. Eng., Swarthmore Coll., Swarthmore, Pa. 


1408 MOMENT OF INERTIA OF GIRDER Papers 


the tension flange. The use of “net moment of inertia’ in connection with 
the beam theory implies a displacement of the neutral axis that can be com- 
puted. The net moment of inertia assumes that holes on the gage lines of 
the tension flange are slotted for the full length of the girder. It is needless 
to say that the usual plate girder, having a rivet pitch in the flanges of from 2.5 
in. to 6 in., does not represent a girder with slotted holes the full length of the 
tension flange. The practice of designers, who use the “gross moment of 
inertia’? when computing the deflection of a plate girder, has been confirmed 
by some experimental data. 

To secure an answer to the question of whether the net moment of inertia 
or the gross moment of inertia, or an intermediate value which may be called 
the effective moment of inertia, should be used in the determination of the flange 
stresses of a plate girder, the same section of the same plate girder was tested 
under pure moment with the flange in the following condition: 


Series A, solid flanges (no holes in outstanding legs of flange angles or in 
cover plates) ; 

Series B, open holes in outstanding legs of flange angles and in cover plates; 

Series C, with machine bolts in the holes described in series B; and, 

Series D, with rivets in the holes described in series B. 

It is evident that if the same section of the same plate girder is tested under 


the conditions described as series A, B, C, and D, any displacement of the 
neutral axis will be disclosed by the strains in the web and in the flanges, 


Test GIRDERS 


The choice of test girders was predicated upon maintaining a depth-to-span 
ratio consistent with practice, at the same time selecting a size that could be 
handled readily in the laboratory. The test girder chosen has a depth-to-span 


10@5"=4'2" mi 
38x 23'xF 


4 
ca me 
a 


: nico \ | 
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SHEAR SECTION RE MOMENT SECTION SHEAR SECTION wN i 
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Fic. 1—Puatp Grrppr PT-1; Location or Drriection Bars AND 
Sections or Purr Moment anp SHEAR 


ratio of 1: 10.6: Fig. 1 is a detail drawing of the test plate girder, PT-1, and (| 
represents the girder in the state in which it was received at the laboratory. — 
The holes marked ‘‘A” were drilled in the shop after tests Al, A2, and A3 had 
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been completed. Test girder, PT-2, was the same when received, except that 
the rivets connecting the web plate to flange angles in the pure moment section 
were spaced 2.5 in. apart. No holes were punched in the outstanding legs of ° 
the flange angles or in the cover plates in the center section of the girders. 
The makeup of the girders was the same throughout the full length, namely: 


Ime Web platetsercd: cae. 12 in. by 35 in. 

4. Flange angles...... 2.5 in. by 2.5 in. by Z.in. 
2. Flange plates...... 6 in. by 7 in. 

2. Flange plates...... 8 in. by } in. 


The depth, back to back of angles, was 12.5 in.; and, 8-in. cover plates were 
used so that strains could be measured on the side of these plates next to 
the 6-in. cover plate. This procedure gave no useful information and was 
abandoned. 


Fic. 2—Vinw or Txst Set-Up, SHowine THE FLANGE PLATE-CLAMPS IN PLACE 


The “pure moment section” of the test beam was the only one in which the 
four comparative conditions of girder section could be secured. The cover 
plates were developed under the conditions of series A and B by bolts in the 
shear section only. Fig. 2 illustrates the typical installation of the flange 
clamps necessary to prevent the flange plates on the compression side from 
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buckling during series A and B. The clamps were designed so that two ?-in. 
set-screws came into point contact with the flange plates and two ?-in. set- 
screws came into contact with the inner side of the outstanding legs of the 
flange angles along the gage lines. The plates were pulled into contact and 
held there by the clamps. Their construction was such that they added nothing 
to the flange area. 

: Description or Test Sut-Up 


The method of applying the loads was as follows: One end of the test girder 
rested upon a roller upon the platform of a 100,000-lb testing machine; the 
other upon a fixed cylindrical reaction point, supported by a steel trestle and 
adjusted to the same height as the platform of the testing machine. The 
load was applied to the test girder by an equalizer beam (see Fig. 3) through 


East End i aif West End 
5135 5133 


Loading Beam 


Movable Head of 


i i 2P 
Testing Machine ¥P Equalizer Beam } iP se 


72) va 


Reaction on 
Platform of 
Testing Machine 


Test Section 


29h _ 3 510" 
10'7"' Center to Center of Reactions 


Fie. 3.—Loap ANALysis For PLare-GrrprR Txst 


rollers situated at points 33.5 in. from the supports at each end of the test 
girder. (Test loads are noted in all cases, in this paper, as P and not 2 P. 
Therefore the bending moment in the pure moment section is always 33.5 
P in-lb.) The load was brought to the middle of the equalizer beam by a © 
loading beam. One end of this loading beam was connected to the movable ~ 
head of the testing machine by a clevis and pin; the other end was attached — 
to the corresponding end of the plate girder by two bolts, 1.75 in. in diameter, — 
passing through steel slabs, top and bottom, contact being made through 
cylindrical reaction points. Contact between the loading beam and the 
equalizer beam was made by means of a roller. By this arrangement the ~ 
concentrated load applied at each load point is exactly that which is weighed 
on the testing machine, making possible a total load of twice the rated capacity — 
of the testing machine. In the presentation of data the testing machine load — 
is the recorded value. In all cases, the total load on the girder is twice this — 
value. The east end of the girder (see Fig. 3) rested on the testing machine. | 

Pure Moment Section.—The method of measuring the deflections in the pure © 
moment section was as follows: Two pins (0.25 in. in diameter), spaced 254 — 
in. each side of the mid-point of the girder, were passed through the web plate — 
in such a manner that the tops of the pins were level with the center line of the 


web plate. These pins extended through the web plate sufficiently far on — 


each side so that they could support steel side bars 13 in. by + in. in cross 
section. The holes in the ends of these bars were 3 in. in diameter, and the 
distance between the supporting pins was 50.25 in. At the middle of the plate 


b 


October, 1939 MOMENT OF INERTIA OF GIRDER 1411 


girder a third pin was placed through the web in a similar manner, and on each 


end of the pin was mounted an Ames dial, reading to in., with the contact _ 


il 
10,000 
points resting upon the side bars. (These dials are identified as the north and 
south dials.) Under this condition of loading, the middle of the test girder 
was subjected to a uniform moment, if the moment due to the weight of the 
girder itself is neglected. It is evident that the reading on the dials gave 
the deflection of the center line of the web below two points on that line which 
were spaced 50.25 in. apart (see Fig. 1). 

To measure the stresses in the girder itself, gage points with 10-in. centers 
were drilled and readings taken with a 10-in. strain gage having a least reading 


of n. Assuming a modulus of elasticity of 30,000,000 Ib per sq in., the 


Les 
60,000 ° 
least reading was equivalent to a stress of 50 1b persqin. In the test procedure, 
readings were checked by independent observers until they agreed within six 
divisions on the dial, insuring readings with a maximum deviation of 300 
lb per sq in. 

‘ Trest PRoGRAM 

Fig. 4 shows the cross sections of the plate girder for each series of tests. 

In each case an initial load was applied and then the load was increased until 


TEST SECTIONS A-1, B-1, C-1 TEST SECTIONS A-2, B-2, C-Z TEST SECTIONS 4-3, B-3, C3 D-3 


ni oa i al ry 


& ee gulls 


1 Web Plate, 12" x & 1 Web Plate, 12" x3" 1 Web Plate, 12" x 3 
16 16 16 
4 Angles, 23" x 22" x2" 4 Angles, 25’ x 22! x1! 4 Angles, 25° x 2}! x2" 
2 Cover Plates 6" x2" 2 Cover Plates 6" x" 


2 Cover Plates 8" xz 


Fic. 4.—Tyrrcan Cross Sections anp StrucrurAL Maxz-Up or THE Trust Specimens 


the increment of deflection in the pure moment section was 0.0300 in., or 
slightly greater. After each series had been run, with loads to give the afore- 
mentioned deflection, the load was increased to 63,000 lb for series C-3 and D-3 
for specimen PT-1, and readings were taken in the pure moment section. A 
detailed statement of the test program follows: 


Test Section Description (see Fig. 4) 

A-1 Web plate with two pairs of flange angles 
riveted on, but with no holes in the out- 
standing leg. 

A-2 6-in. cover plate added top and bottom. 
There were no holes in the plates in the 
puré moment section. The plate was held 

| in contact with the flange angles by the 
clamps shown in Fig. 2. 
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Test Section Description (see Fig. 4) 

A-3 8-in. cover plate added to the 6-in. cover 
plate, top and bottom. In this case, also, 
the pure moment section had no holes in it 
and the plates were held in contact by the 


clamps. 

B-1 Web plate and flange angles were tested as 
in test section A-1. ‘ 

B-2 6-in. cover plates added, clamped, and 
tested as in test section A-2. 

B-3 8-in. cover plate added to the assembly 


described in test section B-2, the two plates 
clamped and tested as in test section A-3. 
C-1 3-in. machine bolts placed in the open holes 
i¢ in. in diameter) of the outstanding legs, 
tightened with proper washers, and tested 
as in test specimen B-1. 


C-2 6-in. cover plates added, bolted on, ‘and 
tested as in test specimen B-2. 
C-3 8-in. cover plate added to the assembly 


described under test specimen C-2 and 
tested as in test specimen B-3. 

D-3 The two cover plates were riveted to the 
flange angles and tested as in test speci- 
men C-3. 


In series B (the section with open holes), the plate girder with the 6-in. 
and 8-in. plates attached was taken to a drill press and holes were drilled 
through the outstanding leg of the flange angles and the cover plates, in both 
compression and tension flanges. In specimen PT-1 the pitch was 5 in.; and 
in specimen PT-2 the pitch was 2.5 in. In series B, the holes were open in 
the pure moment section. (The pitch of the rivets in specimen PT-2 was first — 
made 5 in. as in specimen PT-1, and tests were run which checked specimen 
PT-1 so closely that they are not reported herein. Then the girder was re- 
turned to the drill press and the additional holes drilled to make the pitch 2.5 in.) 


NeEutTRAL AXIS 


Beginning with the assumptions of the common theory of flexure, it can 
be proved that the neutral axis must pass through the center of gravity of the 
cross section of a beam under flexure. This is substantially correct for homo- 
geneous beams of the usual kind. However, in the design of riveted plate 
girders, the engineer must decide whether he will locate the neutral axis at 
the center of gravity of the gross cross section, or at the center of gravity of the 
net cross section, considering that the material that filled the holes has been 
removed from the tension flange, and that the holes in.the compression flange 
are completely filled. If the net cross section existed at each section, as it 
would if it were obtained by slotted holes running the full length of the girder, 
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_and if the compression flange were solid, the center of gravity should un- 
_doubtedly be computed from the net cross section. The net section is not 

continuous, however, and it is questionable whether the rivets fill the holes — 

of the compression flange sufficiently to consider the compression flange as solid. 

That the neutral axis remains near the center line of the web plate is shown 

in Table 1, where data from tests on the two plate girders, PT-1 and PT-2, 


TABLE 1—Comparison OF OBSERVED AND ComMpuUTED DISTANCES OF THE 
Neutrat Axis Above Tae CenrEer Linz, in INcHES; 
Pure Moment Section 


(a) Wes Prare (b) Wirs 6-In. 
AND FLANGE Cover PLATES 
ANGLES . ADDED 


(c) Wits 6-In. anp 8-In. 
Cover Puarrs ADDED 


Description 


A-1 | B-1 | C-1 | A-2 | B-2 | C-2 | A-3 | B-3 | C-3 | D-3 


Observed, Web Data: 


Specimen PT-1............] 0.19 | 0.15 | 0.14 | 0.16 | 0.08 | 0.07 | 0.09 | 0.04 | 0.05 | 0.10 

Specimen PT-2............ 0.09 | 0105 | 0.01 | 0.04 | 0.09 | 0.05 | 0.17 | 0.07 | 0.07 | 0.10 
Observed, Flange Data: 

Specimen PT-1............] 0.11 | 0.12 | 0.07 | 0.11 | 0.05 | 0.11 | 0.09 | 0.05 | 0.03 | 0.14 

Specimen PT-2............| 0.09 | 0.05 | 0.04 | 0.12 | 0.15 | 0.13 | 0.23 | 0.16 | 0.07 | 0.08 
MPormputed* oc. kale eae 0.34 | 0.63 | 0.63 | 0.25 | 0.68 | 0.68 | 0.18 | 0.66 | 0.66 | 0.66 


* Computed on the basis of net section. 


are presented. The observed results were obtained by measuring strains on 
10-in. gage lines on both sides of the web plate. The gage lines were at dis- 
tances of 1 in., 2 in., and 3 in. above and below the center line of the girder. 
A straight line was passed through the plotted data and the deviations obtained 
directly. The deviation of the neutral axis was also computed using the 
measured strains of the outside fibers of the girder, and these results are com- 
pared with those obtained from the web data. The experimental results all 
indicate that the neutral axis deviates only slightly from the center line of the 
web plate, and not as it has been considered to deviate by the designers using 
the net section. This means that the deformation of the compression flange 
is almost as great as that of the tension flange. 


Trest Coupons 


Tensile tests were made by the National Bureau of Standards on eight test 
coupons from specimen PT-1, obtained from the extra pieces of material sent 
by the fabricator (see Table 2). The coupons had a reduced width of 0.5 in. 
‘and a gage length of 2 in. The coupons for specimen PT-2 were tested at 
Swarthmore College. The results were so similar that the data are omitted 
for present purposes. The average value of the modulus of elasticity was 
30,000,000 lb per sq in. 


OBSERVED ErrectivE Moments or INERTIA 


In the pure moment section, the deflection in a length of 50.25 in. was read 
to the nearest 0.0001 in. by Ames dials. To observe values of the effective 
moments of inertia, the moments of inertia of the gross section, Jg (Column (2), 


| 
| 
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Table 3), were assumed to be correct for series A, and a load, Pg, was applied 
until the deflection in the pure moment section was 0.0300 in. In series B, 
C, and D, loads were applied to each test section of the correct value to cause 


TABLE 2.—Covpon Tzsts ror TENSILE STRENGTH; SPECIMEN PT-1 


Unit Srresses, 1n Kips per Square IncH 
: Percentage 
Coupon . | Thickness, e 
INO: Coupon cut from: in inches | Young's mod- | Propor- ‘ : ge ee 
ulus of tional Yield | Tensile tS aa 
elasticity limit — point | strength 
(1) (2) (3) (4) (5) (6) (7) (8) 
Bl Web plate 0.299 30,100 40 42.0 57.8 40 
B1-3 Web plate 0.300 30,000 37 42.0 67.1 36 
Cc 6-in. cover plate 0.253 29,600 40 53.0 (CBD 26 
C-3 6-in. cover plate 0.253 28,200 40 54.1 73.8 26 
D 8-in. cover plate 0.252 29,800 37 44.7 60.8 39 
D-3 8-in. cover plate 0.250 31,200 37 43.0 60.8 38 
V Flange angles 0.240 29,300 37 43.6 58.8 38 
V-3 Flange angles 0.241 27,900 39 50.4 62.6 31 | 
Average epee ae ars AV aka 29,500 | a opt na Se | 


a deflection of 0.0300 in. Then it was assumed that since the deflection, A, 


of the plate girder was the same in each of these tests, and since A « ae 
PavAs 
pa = 77 cei Ne ls 'o: shteniet eiheh oh de’ lo. lalhe co x's) Chehertate Aoien agents (1) 
and the observed effective moment of inertia in each case is 
12s 
= 2 
Ip ois! Le RG See (2) 


in which P, and J, are the load and moment of inertia for any particular section. 
For example, the load that caused a deflection of 0.0300 in. for section A-2 was 
26,600 lb and the gross moment of inertia was 315 in.*; the load that caused 
the same deflection for section B-2 was 25,200 lb. Therefore, the observed’ 
effective moment of inertia for section B-2 is I, = a X 315 = 298.5 in.* 
In this manner, values of the observed effective moment of inertia for each) 
test section were computed and tabulated in Column (2), Table 8. In com- 
paring the values in Table 3(a) and Table 3(6), it should be recalled that the 
pitch in this pure moment section was 5 in. for specimen PT-1 and 2.5 in. for 
specimen PT-2. Instead of tabulating in Column (2), Table 3, the value o7 
the gross moment of inertia opposite the test section of series A, the value! 
of I, was computed from the value of the deflection, 0.0300 in., as determinec 
by the moment-area method, using the value of # as determined from the tes! 
coupons. These values check the values of the gross moment of inertia withiri 
the limits of the experimental error and justify the foregoing procedure. 
When the values of the observed effective moment of inertia are plotted, 
the graphs show that they approach the values of the gross moment of inertie! 
as the tests proceed from that giving the greatest deviation in series B (oper 
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holes), through series C (bolted sections), to series D (riveted sections). The 
deviation is a very small value in series D—namely, 2.1% of the gross moment 
of inertia for specimen PT-1 and 7% for specimen PT-2. ; 


TABLE 3.—Errective Moments or INERTIA 


M I rT 
Moments or INERTIA, Fiance Stresses, in Kres por Squarn IncH 


in Incuns* 
Computed Observed Computed, Using the Method Indicated 
ioe Net section Net Section 
Ob- SSS SS Observed 
Gross 
TENGE! Gross | tt b§ picmient section Neutral Neutral 
section 4 axis axis 

a* bt eccentric at center 

tt b§ tt b§ tf b§ tt b§ 
(1) (2) (3) | (4) (5) (©) | (7) | (8) | @) | GO) | (41) | (12) | (43) | (4) 

(a) Specimen PT-1 
A-1 189.0 | 192.9 | 178.5] 179.5] 16.9 | 17.6 | 17.3 | 17.9 | 17.2 | 17.2 | 17.6 | 19.6 | 18.5 | 18.5 
B-1 182.0 192.9 | 164.3 | 167.3] 18.3 | 19.1 | 17.9 | 18.6 | 17.2 | 17.2 | 18.2 | 22.3 | 19.5 | 19.5 
C-1 187.0 | 192.9 | 164.3 | 167.3] 17.7 | 18.2 | 17.8 | 18.2 | 17.2 | 17.2 | 18.2 | 22.3 | 19.5 | 19.5 
A-2 315.0 | 315.0 | 300.9 | 301.6] 18.0 | 18.7 | 18.1 | 18.7 | 18.4] 18.4] 18.5 | 20.0 | 19.2 | 19.2 
B-2 298.5 | 315.0 | 270.7 | 275.5| 19.3 | 19.7 | 19.2 | 19.5 | 18.4 | 18.4 | 19.2 | 23.7 | 20.8 | 20.8 
C-2 306.5 | 315.0 | 270.7 | 275.5] 18.9 | 19.6 | 18.6 | 19.2 | 18.4 | 18.4 | 19.2 | 23.7 | 20.8 | 20.8 
A-3 494.0 | 490.8 | 476.9 | 477.4] 18.5 | 19.0 | 18.7 | 19.3 | 19.1 | 19.1 | 19.3 | 20.3 | 19.7 | 19.7 
B-3 460.5 | 490.8 | 430.0 | 436.0] 19.9 | 20.2 | 20.2 | 20.5 | 19.1 | 19.1 | 20.1 | 24.4 | 21.5 | 21.5 
C-3 472.0 | 490.8 | 430.0 | 436.0] 19.7 | 19.9 | 19.8 | 20.0 | 19.1 | 19.1 | 20.1 | 24.4 | 21.5 | 21.5 
D-3 | 480.5 | 490.8 | 430.0] 436.0] 19.3 | 20.2 | 19.1} 20.0] 19.1 | 19.1 | 20.1 | 24.4 | 21.5 | 21.5 
(b) Specimen PT-2 

A-1 189.0 | 192.9 | 178.5] 179.5) 17.7 | 18.1 | 17.0 | 17.5 | 17.2 | 17.2 | 17.6 | 19.6 | 18.5 | 18.5 
B-1 177.0 | 192.9 | 164.3 | 167.3] 19.4 | 19.8 | 18.7 | 19.0 | 17.2 | 17.2 | 18.2 | 22.3 | 19.5 | 19.5 
C-1 179.0 | 192.9 | 164.3] 167.3} 19.0 | 19.2 | 18.5 | 18.6 | 17.2 | 17.2 | 18.2 | 22.3 | 19.5 | 19.5 
A-2 315.0 | 315.0 | 300.9 | 301.6 | 17.9 | 18.6 | 18.1 | 18.7 | 18.4 | 18.4 | 18.5 | 20.0 | 19.2 | 19.2 
B-2 282.0 | 315.0 | 270.7 | 275.5] 20.0 | 20.9 | 20.2 | 21.0 | 18.4 | 18.4 | 19.2 | 23.7 | 20.8 | 20.8 
C-2 295.0 | 315.0 | 270.7 | 275.5] 19.4 | 20.3 | 19.3 | 20.0 | 18.4 | 18.4 | 19.2 | 23.7 | 20.8 | 20.8 
A-3 500.0 | 494.0 | 480.1 | 480.6] 18.5 | 19.8 | 18.1 | 19.4 | 19.1 | 19.1 | 19.3 | 20.3 | 19.6 | 19.6 
B-3 442.0 | 494.0 | 433.2 | 439.0] 20.6 | 21.0 | 20.8 | 21.8 | 19.1] 19.1 | 20.1 | 24.4 | 21.4 | 21.4 
C-3 453.0 | 494.0 | 433.2 | 439.0] 20.0 | 20.9 | 20.5 | 21.0 | 19.1 | 19.1.| 20.1 | 24.4 | 21.4 | 21.4 
D-3 | 460.0 | 494.0 | 433.2 | 439.0] 20.3 | 20.3 | 20.2 | 20.6 | 19.1] 19.1 | 20.1 | 24.4 | 21.4 | 21.4 


* Neutral axis eccentric. + Neutral axis at center. t Top flange. § Bottom flange. 


FLANGE STRESS 


In all of the test sections, flange stresses were obtained experimentally by 
measuring strains in the top and bottom flange. A 10-in. strain gage was used, 
with the gage lines placed symmetrically with regard to the longitudinal center 
line of the girder. Four gage lines were used for test sections A-1, B-1, and 
C-1, six gage lines for test sections A-2, B-2, and C-2, and eight gage lines for 
test sections A-3, B-3, C-3, and D-3. The layout of the gage lines on the 6-in. 
and 8-in, cover plates was such as to allow two gage lines to bisect the open 
holes in the flanges and later the bolts and rivets. The observed flange stress 


‘ = 
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was computed from an average of the readings on all gage lines in every case, 


using the observed value of modulus of elasticity. The stresses were computed 
for a single load for each series, as follows: 


Test sections Load, P, in kips 
A-t Bl, and Ct ce ee eee 15.9 
A-> B39. and (2-27 eee cee 26.6 
ESS Chand De ee 41.6 


These particular values were selected because they caused an increment of 
deflection of 0.0300 in. in test sections A-1, A-2, and A-3 fér specimen PT-1. 

Using these loads the flange stress has been computed using the gross mo- 
ment of inertia; using the net moment of inertia with the neutral axis at the 
center of the web plate; and finally using the net moment of inertia with the 
neutral axis at the center of gravity, considering the compression flange as 
solid and the tension flange as slotted. 

The stresses computed by using the gross moment of inertia are compared 
with the observed stresses in Table 3(a), Columns (5), (6), (9), and (10). The 
computed flange stresses are somewhat lower than the observed stresses for 
all sections except for the initial solid flanges of series A. For those sections 
a good correlation exists. The stress in the compression flange is greatest for _ 
open holes, and gradually approaches the computed value as the method of 
holding the flange together is changed from clamps, to bolts, and to rivets. — 
No such decrease is shown for tension flange. This probably indicates that | 
bolts and rivets tend to relieve the stress in the compression flange. | 

In Table 3(6), Columns (5), (6), (9), and (10), the observed flange stresses 
are compared with the flange stresses computed using the net moment of inertia, © 
with no shift allowed in the location of the neutral axis from the center line of 
the web plate. The computed flange stresses are about 2,000 lb per sq in. 
higher than the observed stresses throughout this comparison. | 

A comparison between the observed stresses and the flange stresses, com-~ 
puted by using the designer’s net moment of inertia (see ‘‘Introduction”) and 
assuming the neutral axis to be above the center line of the girder, in accordance - 
with some design procedures, is shown by Table 3(6), Columns (5), (6), (7), 
and (8). The agreement between the compression flange stresses is very good. 
However, the computed-stress for the tension flange is approximately 4,500 Ib 
per sq in. higher than the observed. This would seem to indicate that this 
design procedure would give much larger flange areas than are needed to™ 
maintain safe stresses in the tension flange. 7 

In addition to the foregoing information, Table 3 gives the flange stresses — 
computed by the observed effective moment of inertia, using the observed 
deviation of the neutral axis as given in Table 1 from observed flange data. 
The excellent agreement between this column and the observed flange stress - 
is an independent check on the observed results. 


AcTION OF GIRDER UNDER HigHer Loaps 


After completing the tests where the loads were held to values giving 
flange stress of about 20 kips per sq in., test sections C-3 and D-3 of specime 


7 


‘ 
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\ 


_ PT-1 were subjected to loads causing flange stresses of 30 kips persqin. The 


‘nents. A. Nadai states that the 


load was increased and decreased by increments, and strain readings were 
taken in the flange on both the up loading and the down loading. 

The strain readings gave no indication of permanent set. A breaking of 
the scale around the rivet heads through the upstanding legs of the flange 
angles was noticed. A close observation showed a perfect set of orthogonal 
slip lines. No such breaking of the scale was noticed around the rivets through 
the flange plates, although this region was stressed higher. It is to be re- 
membered that the holes in the cover plates were drilled, whereas the holes 
through the web and flange angles represented shop practice of punched holes. 
An investigation of one of these holes showed poor alinement of the plates and 
a very rough perimeter. Is it possible that the condition of the holes accounts 
for the observed strain lines? 


STRESS CONCENTRATIONS 


Stress concentrations, with their accompanying areas of plastic flow around 
the holes in the flanges of a plate girder, present some questions in regard to 
the validity and the interpretation of the strain gage readings explained herein. 
As treated in this paper strains have been reduced to terms of stress by applying’ 
Hooke’s law. There may be objections to this procedure on two grounds: 
(1) That this does not represent the 
stress at any point; (2) that the aver- 
age stress through the net section rep- 
resents the true stress. In answer 
to these objections, the writers would 
point to Fig. 5, showing the way the 
stress varies across the net section. Net Section 
It is known that the maximum stress ad © 
reaches the elastic limit, and further 
there is nothing that can be done 
about it; second, a unit stress arrived 
at by using a net area has no meaning. 

It is reasonable to assume that 
any strain gage, operating on a 10-in. 
gage length over the holes, will reg- Uniform Tension 
ister some plastic, as well as elastic, 
deformation. The writers do not 
know how to separate these compo- 


Intensity of 
Unit Stress at 
Net Section 


areas of plastic flow in the region of 
a hole are in the shape of a cross, 
the direction of the cross making an angle of approximately 45° with the 
principal stresses of tension or compression.’ It is also well known that the 
intensity of stress is highest at the boundaries of the hole, which are on a 
diameter perpendicular to the applied principal stresses. Fig. 5 depicts this 
3“‘Plasticity,’”’ by A Nadai, McGraw-Hill Book Co., Inc., New York ,N. Y., 1931, p. 103. 


Fic. 5.—Srress ConcENTRATIONS 
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condition graphically. As the principal stress is increased, the stress at the 
boundary of the hole increases to the yield point value and plastic flow begins 
in the areas defined by the cross. 

For any reasonable allowable design stress, the yield point stress will be 
reached at the hole, and plastic flow will occur. The designer’s choice of 18 
kips per sq in. instead of 20 kips per sq in. will not prevent this from happening, 
although it may limit, to some extent, the area over which plastic flow may 
extend. : 

Once a ductile material is strained beyond the yield point and the load is 
released, residual stresses are set up which will be beneficial in resisting the 
next applied load. 


EXFrectivE Moment or INERTIA 


It seems reasonable to believe that both the strength and the stiffness of 
a plate girder are affected by the size and spacing of the rivet holes in the flanges 
of a plate girder. If the pitch were small enough there would be a slot the full 
length of the girder, and if the diameter of the rivet holes were large enough 
there would be no material to carry the load. The writers have developed 
the following formula which incorporates the results of the tests described in 
this paper, and which contains terms that include the effect of the diameter 
and pitch of the rivet holes. 


—— 


a DEFLECTION CURVE 
B 


= DIAGRAM 
ee eee 


M 
zr DIAGRAM 


kD 
2 


Fic. 6 


Referring to Fig. 6, let Z = length; M = moment; p = rivet pitch; 
D = diameter of rivet holes; k D = the part of the rivet hole that is acting 
as a full net section; A = the deflection by point A with reference to a tangent — 
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to the elastic curve at point B; Ig = gross moment of inertia; Ig = clear 
moment of inertia (holes are deducted from the top and bottom flanges); and 
Iz = effective moment of inertia. The new term, I¢, the “clear”? moment of 
inertia, has been introduced since these tests show that the neutral axis remains 
at the middle of the web plate. This fact is based on the practically equal 
stresses in the top and bottom flanges. By moment areas: 


Te 
Bae ices ae Aran Dai 5 PF p+ (42-1 )eD ‘ 
E I¢ Tech) aan E I¢ ( 
MEE : 
In general, A = Fry times a constant; and, in the present case: 
I¢ 
mip p+(#¢-1 Jap r; 
7 = Par Tm Peale Se aa 
That is, 
Ie aa Peper geen te - (5) 
+(#2-1)ep 


The quantity & D in Equation (5) must be determined experimentally. The 
value of k probably depends upon D, the diameter of the hole, and g, the dis- 
tance between rivet lines. The writers do not have enough experimental 
results available to determine this relation. It is thought that the value of k 


must lie between 0.6and 1.0. The ratio of 2 is called ‘“‘m.’’ Table 4 shows the 
G 


TABLE 4.—Comparison or VALUES OF m = i 


(a) Specimen PT-1 (b) Specimen PT-2 


k=1 k =0.6 k=1 k = 0.6 
Section value of Valse of 
m by ex- m by ex- 
F Percent- Percent- ; Percent- Percent- 
periment vee aredeces value poole periment. Melee age devi- Yale age devi- 
cee ation* cee ation* ation* ation* 
(1) (2) (3) (4) (5) (1) (2) (3) (4) (5) 
C-1 0.970 0.952 —1.85 | 0.972 +0.2 0.928 0.907 —2.3 0.943 +1.6 
C-2 0.970 0.955 015) 0.972 +0.2 0.936 0.914 —2.3 0.954 +1.9 
C-3 0.962 0.962 0 0.976 +1.5 0.916 0.927 +1.2 0.956 +4.4 
C-4 one eae Rate igh: aS 0.930 0.927 —0.3 0.956 +2.8 
D-3 0.980 0.962 —1.8 0.976 —0.4 Pvt avers : Avon Ae 


* All deviations are computed from the experimental value. 


value of ‘‘m’’ obtained from experimental data compared with the computed 


if 


m,” using k equal to 1 and 0.6, respectively. 


It will be noted that the per- 


centages of deviation of the computed value from the observed value change 
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from positive to negative with these values of k; that is evidence that k has 
a value between 0.6 and 1.0. 


CONCLUSIONS 


1—The measured flange stresses are smaller than the computed stresses 
using a “‘net’? moment of inertia based upon a deduction of rivet holes from the 
tension flange. In the case of the girder with a 5-in. pitch, the difference was 
considerable; with the girder having a 2.5-in. pitch there was a closer correla- 
tion. This was anticipated and furnishes some evidence that an effective 
moment of inertia should depend upon the rivet pitch as well as the rivet 
diameter. The net moment of inertia, used in design with top and bottom 
flanges alike, should yield conservative stresses. 

2.—The experimental values of the effective moments of inertia are less 
than the computed gross moment of inertia. The effect of rivet pitch is shown 
clearly. However, the test girder having the 5-in. rivet pitch and riveted 
flanges gave nearly an exact agreement between the experimental and computed 
values of the moment of inertia. 

3.—The tests indicate that the neutral axis should be assumed at the center 
_ of gravity of the gross cross section. 

4.—The effective moment of inertia can be computed by using the theo- 
retical expression, Equation (5), which involves the rivet pitch. Further ex- 
perimental evidence is needed to establish this conclusion, and the value of k D. 

5.—Since stress concentrations reaching the yield point must exist as soon 
as the unit stress in the gross section approaches the stress ordinarily specified 
for structural work, and nothing can be done to prevent them, the writers 
believe that design methods should be made as simple as possible. Any 
method that may be adopted must give sections that have been proved in 
practice to be satisfactory. 


It is believed that the data from these tests point to the acceptability of 
the gross moment of inertia for design purposes. For ordinary girders, under ~ 
usual loadings, it requires no modification; for cantilever girders, or girders 
with small pitch, it should be used with a coefficient such as.is indicated by 
Equation (5). 

It is hoped that this paper will stimulate discussion of this subject and 
reveal additional data which may confirm or disprove these findings. Many — 
engineers may have an opportunity to measure strains and deflections of full- 
size girders. If this could be done widely, and such data carefully studied, 
all uncertainties would soon be removed. 
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DISCUSSIONS 


ANALYSIS OF RUN-OFF CHARACTERISTICS 


Discussion 


By Otto H. Meyer, Assoc. M. AM. Soc. C. E. 


Orto H. Muyer,?® Assoc. M. Am. Soc. C. E. (by letter).29*—The discus- 
sions have indicated a gratifying interest in this subject, and have directed 
attention to the need for further investigation, particularly on infiltration and 
seepage. 

Mr. Cochrane attempts to derive the shape of the falling limb of the hydro- 
graph by an inversion of the rising limb. The writer believes that the dis- 
charge, at any time after the time of concentration and after the cessation of 
the rain, must be determined by a function of outflow from storage. This is 
sufficiently well established by numerous studies of depletion curves”: 8, and 
by the study referred to by Mr. Barnes. The sharp break at the top of the 
basic hydrograph, questioned by Mr. Cochrane, and also by Messrs. Zoch 
and Turner, is definitely verified by the hydrograph of Fig. 10 presented by 
Mr. Sherman. The writer has no criticism to offer on formulas for maximum 
flood discharge; however, these are outside the scope of this paper. 

Mr. Barnes makes a timely comment as to the unreliability of the per cent 
‘run-off, or run-off factor. This factor is used where nothing better is available. 
As mentioned by Messrs. Sherman and Zoch, better results will follow from 
the deduction of infiltration from rainfall, and the consequent use of ‘net 
rainfall.”’ However, infiltration and seepage are a separate subject, and con- 
sideration of them would complicate the subject unduly without affecting the 
characteristics being analyzed. In any case, a distribution of precipitation 
intensity giving a constant “net rainfall’? is not impossible and would fit the 
assumptions on which the analysis was based. 

; The “subsurface storm flow”’ or “secondary base flow” mentioned by Mr. 
Barnes is an item of run-off of sufficient importance to merit considerable 


Norn.—This paper by Otto H. Meyer, Assoc. M. Am. Soc. C. E., was published in November, 1938, 
Proceedings. Discussion on this paper has appeared in Proceedings, as follows: February, 1939, by Messrs. 
Victor H. Cochrane, and Bertram $. Barnes; March, 1939, by Messrs. LeRoy K. Sherman, Richmond T. 
Zoch, and Merrill Bernard; April, 1939, by Messrs. Franklin F. Snyder, and W. G. Hoyt; May, 1939, 
by C. O. Clark, Jun. Am. Soc. C. E.; and June, 1939, by Messrs. C. 8. Jarvis, and Howard M. Turner. 

22 Asst. Engr., U. 8. Engr. Dept., U. S. Engr. Office, Sacramento, Calif. 

| 294 Received by the Secretary August 15, 1939. 
| 7*Relation Between Rainfall and Run-Off from Small Urban Areas,”’ Transactions, Am. Soc. C. E., 
Vol. 101 (1936), Equation (2), p. 151. 
8 Monthly Weather Review, September, 1934. 
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study. There can be no doubt that this type of run-off occurs and is often of 
considerable magnitude. The writer visualizes the source of this run-off as a 
sheet of water separated from the true “‘ground-water,” possibly by a cushion 
of air filling the voids of the soil. Presumably, the same methods of analysis 
used for true surface run-off may be applied to a study of subsurface storm 
flow; however, it must be treated separately from surface run-off. 

Mr. Sherman has apparently misinterpreted the hydrograph of Fig. 3, as 
no termination is indicated; the tail is intended to be of infinite length, only a 
portion being shown. As Mr. Sherman states, the use of unit hydrographs in 
combination, as shown by his example in Table 7 and Fig. 10, is a practical 
working tool, and the writer also uses this method, where applicable, on account 
of its simplicity. However, if the unit hydrograph used is that for a storm 
duration close to, or equal to, the time of concentration, inconsistencies may 
be expected to develop. For example, with a unit hydrograph for a one-day 
storm, if the tail is several days long, and the time of concentration is one day, 
a one-day rain produces a peak equal to the rainfall rate, but a two-day rain 
must necessarily cause the computed peak to be greater by the amount of the 
rate of discharge of the tail of the unit hydrograph one day after the peak of 
_ the unit hydrograph. This cannot occur in nature. The observed hydro- 
graph of Fig. 10 obviously has the characteristics described in the writer’s 
analysis, the time of concentration being about 25 to 30 min. 

Mr. Sherman states that the time of concentration and the distribution 
for a three-day storm, as given in Appendix III, should be derived from the 
distribution for a one-day storm. This could be done, or, as in the example, 
the distribution for a one-day storm could be derived from that of the three- 
day storm, which in this case is the basic hydrograph, the time of concentration 
being three days. The process is reversible. 

Mr. Zoch’s distinction between run-off and rate of run-off, and between 
run-off and discharge, is commended. The writer does not agree with Mr. 
Zoch’s statements on‘infiltration and internal drainage; however, that is con- 
sidered outside the scope of this paper. 

The writer cannot agree with Mr. Zoch as to the beginning of the depletion 
curve. It is true that with storms of short duration the part of the falling 
limb prior to the time of-concentration contains both items of accretion and 
items of depletion; however, the succeeding portion must be pure depletion. 
This has been established empirically, and may be reasoned logically. The 
contribution to flow from every part of the basin has reached its maximum 
when the time of concentration is reached, and thus can only diminish. For 
the same reason, the maximum discharge can never be later than the time of 
concentration. The transition curve mentioned by Mr. Zoch must lie entirely — 
between the end of the rain and the time of concentration. The ‘saturation 
curve” is not a part of the basic hydrograph, as it occurs only if the duration 
of the rain exceeds the time of concentration. The writer, therefore, adheres 
to the statement that the basic hydrograph consists of the two parts: (a) The © 
concentration curve and (b) the storage, or depletion, curve. 
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Mr. Zoch states that the writer has not mentioned the determination of 
the time of maximum discharge. This time is indicated by the peaks in Fig. 2 

_ and adequately described in the accompanying text. 

Mr. Bernard calls attention to the lack of sufficient and suitable basic 
- data for hydrologic studies. It is this very lack which forces hydrologists to 
_ use unsatisfactory expedients such as the run-off factor. 

The writer would like to call attention to the fact that the definition of 
time of concentration appears in the second paragraph of the section on 
“Analysis of the Hydrograph.”’ The mention of time of concentration in the 
“Synopsis” is not intended for a definition. 

In describing, graphically, the sequence of occurrences on a water-shed 
during a storm, Mr. Bernard makes use of a method which could well be 
adopted generally in investigations of physical phenomena. Too often there 
are only the “rationalists,” who go into transports of pure mathematics, and 
the ‘‘empiricists,’’ who generalize from meager data. It is only by visualizing 
actual physical occurrences that engineers can be sure that their derivations 
are “‘on the right track.” 

Mr. Snyder’s conclusion that the time of concentration is not the duration 
of a unit hydrograph is correct. The synthetic unit graph of Fig. 11 includes 
subsurface storm flow (secondary base flow), and is not all true surface run-off; 
the basic hydrograph of true surface run-off would reach a maximum of 6 245 
cu ft per sec. A separate hydrograph of subsurface storm flow must be con- 
structed if the writer’s methods are used. The relative time to peak of the 
various hydrographs of Fig. 2, commented upon by Mr. Snyder, are subject 
to errors in drafting. The 1-hr rain would certainly cause a slightly earlier 
peak than a 7-hr rain. ’ 

The writer concurs thoroughly with Mr. Hoyt in his remarks on the neces- 
sity for research on the behavior of melting snow. 

Mr. Clark ties flood routing and hydrographic analysis together in an 
admirable fashion. A complete hydrologic study of a large basin must always 
involve the construction of hydrographs of head-waters and tributaries and 
routing the combination. An integration of methods used in these two steps 
is of real value. 

The basic hydrograph used to construct one hydrograph in Fig. 7 was 
synthesized from the unit hydrograph used for the other; the differences may 
best be understood from a careful study of the method of construction. 

Mr. Clark’s question on the apparent lack of effect of storage on the rising 
limb is best answered thus: The steepening of the slope of the water surface 

_ during rising stages opposes and nullifies the storage effect, whereas the flatten- 
ing of the slope during falling stages increases the storage effect and thus makes 
storage the dominant factor. 

In cautioning against indiscriminate use of the expression for time of travel, 

Mr. Clark has emphasized an important point. The variation of velocity 
along a stream has not been given the attention it deserves. No assumptions 
on this subject should be accepted without a most critical analysis. 

The effect of land treatment as described by Mr. Jarvis must be considered 
in any hydrologic study. The writer has encountered this problem in attempt- 
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ing to estimate run-off from irrigated lands, where the irrigation works cause 
almost complete retention. 

Mr. Turner calls attention to the difference in shape of the writer’s hydro- 
graphs for storms of the same volume but different intensity, and states that 
actual hydrographs are more similar. He shows, in Fig. 17, hydrographs 
67) TS aeo 
Ty iy? ey 
Actual storms lasting through the time of concentration are rare on large 
streams, and hydrographs resulting from storms of shorter duration than 
one-half the time of concentration are much more similar than those shown. 
The writer is of the opinion that the time of concentration of the Connecticut 
River at Sunderland, Mass., is about 5 to 6 days. Thus the hydrographs of 
Fig. 16 are not more similar than might be expected, especially as the shapes 
were probably determined largely by the precipitation occurring in the one 
or two maximum days of the storms. 

No adverse criticism of the Committee on Floods of the Boston Society 
of Civil Engineers was intended, as the writer recognizes well the value of its 
work; it was to indicate the necessity for refinement that the shortcomings 
of the original formulas were mentioned. 

In conclusion, the writer wishes to emphasize that it is the physical sig- 
nificance of the shape of the hydrograph, and not the empirical mathematical 
equations describing it, that is important. 

Corrections for Transactions; Delete Footnote 17b (Proceedings, March, 
1939, p. 514) and the proposed change to which it refers; in Proceedings, 
November, 1938, p. 1773, the sentence beginning in Line 29 should read: “It 
may also be used to synthesize the basic hydrograph from one produced by 
a storm of a known shorter duration”’; in the caption to Fig. 2, change “‘basin’”’ 
to “basic’’; in Line 2 above Equation (17), delete “A = ”’; and change Equa- 
tion (17) to read \ = 0.5'/**, See also corrections published in Proceedings, 
February, 1939, p. 377; March, 1939, p. 526; and June, 1939, p. 1052. 


resulting from storms of and the entire time of concentration. 
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TESTS ON BUILT-UP COLUMNS OF STRUCTURAL 
ALUMINUM ALLOYS 


Discussion 
By MARSHALL HOLT, Assoc. M. AM. Soc. C. E. 


MarswHatyt Hour, Assoc. M. Am. Soc. C. E. (by letter).““—The writer 
wishes to thank Professor Niles for his discussion of this paper. As stated, 
a theory for columns that fail by twisting, and reliable equations for computing 
the strength of such columns, are not readily available. When satisfactory 
methods become available for predicting the strength of members that fail in this | 
manner, the use of such members in special locations may become more common. 

The prediction of twisting failure for four of the specimens in Table 3 was 
based on the following reasoning: The outstanding plates would fail by local 
buckling because the strength for this mode of failure is less than the strength 
if failure were to occur by lateral deflection of the specimen as a unit (compare 
the computed strength obtained by Equation (6) with the strengths obtained 
by Equations (4) and (5)). If the supported edge of the plate were free to 
rotate (but not deflect), the free edge of the plate would buckle into a single 
wave; but if the supported edge were fixed against rotation, the free edge would 
deflect into a number of waves, the number depending on the relative propor- 
tions of the plate. Since the torsional rigidity of these specimens is so small, 
the degree of fixation at the supported edge of the outstanding plate would 
not cause the development of more than one wave in the free edge. Thus, 
the center of the specimen would merely twist relative to the ends. 

Failure under this type of action may or may not result*in the collapse of 
the specimen but occurs at that load at which the lateral deflection of the 
free edge of the outstanding parts increases at a rapidly increasing rate (see 
_ Figs. 2(m) and 2(n)). The maximum load sustained by the specimen may be 
greatly in excess of this buckling load and, of course, will be accompanied by 
collapse of the specimen. There seems to be no method available for predicting 
the spread between the buckling load and the maximum load, but obviously 
_it depends on the relative proportions of the cross-section. Considering failure 
in this light, the strengths of the specimens that failed by twisting were pre- 
dicted within reasonable limits by Equation (6). 

Norr.—This paper by Marshall Holt, Assoc. M. Am. Soc. C. E., was published in November, 1938, 


Proceedings. Discussion on this paper has appeared in Proceedings, as follows: March, 1939, by Alfred S. 
Niles, Assoc. M. Am. Soc. C. E. 


44 Research Engr., Aluminum Research Laboratories, New Kensington, Pa. 
Ma Received by the Secretary September 13, 1939. 
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TRAFFIC PROBLEMS IN METROPOLITAN AREAS 


Discussion 


By EARL J. REEDER, Esq. 


Ear. J. Reeper,” Esa. (by letter).*—The discussions by Messrs. Herrold, 
Buckley, Mickle, Mitchell, and Coe amplified the original paper in a very 
effective manner. Although little difference of opinion has been expressed, 
some questions have been raised which will be treated herein. 

Mr. Herrold is quite right in his statement that “the accident-prone driver 
presents a problem with which the careful driver cannot cope.” There can 
be little doubt that the person who, through improper driving habits or un- 
willingness to conform with the requirements of traffic safety, becomes re- — 
peatedly involved in accidents is a menace to others who want to drive or walk — 
safely. However, accident-proneness, as indicated by the repetition of acci- 
dents, does not appear to be a characteristic of a very large percentage of drivers. 
In fact, T. W. Forbes, of the Bureau for Street Traffic Research at Yale Uni- 
versity, states’ concerning a study of 29 500 drivers from the State of Con- — 
necticut for the years 1931-1936 that ‘‘We are thus left with the conclusion ~ 
that not more than 1.3 per cent of the drivers were accident-prone and that — 
only 3.7 per cent of the accidents-in the states studied could be attributed to 
the accident-prone driver.” : 

On the other hand, many street locations are definitely accident-prone as ~ 
indicated by the repetition of accidents of almost the same kind. Analyses — 
of many hundreds of collision diagrams of street intersections, and other 
problem locations, have shown definite patterns of accident experience at — 
individual locations. In many cases these patterns are not at all similar to : 
the traffic-flow pattern, for they show vehicles from certain directions pre- — 
dominating in the accident experience and those from other directions having’ 
little or no part in it. Surely, one cannot conclude that the careless drivers — 
come from only one or two directions and that the drivers approaching from — 
Norz.—This paper by Earl J. Reeder, Esq., was published in December, 1938, Proceedings. Discus- < 


sion on this paper has appeared in Proceedings, as follows: March, 1939, by Messrs. George H. Herrold, and — 
Thomas Buckley, and April, 1939, by Messrs. D. Grant Mickle, Robert A. Mitchell, and Cleveland B. Coe. ¥ 


12 Chf. Traffic Engr., National Safety Council, Inc., Chicago, Ill. 
12a Received by the Secretary September 15, 1939. 
18 Journal of General Psychology, April, 1939. 
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other directions are careful. Rather, the only conclusion that can be drawn 
in such cases is that there is something unusual and unanticipated about the 
condition to which the drivers and pedestrians are subjected from certain 
approaches. Further evidence of this is found in the fact that corrective 
measures often result in the prevention of these accidents by simplifying the 
traffic and making it easier to drive or walk safely. 

Mr. Mitchell’s interpretation of the statement “Contrary to the belief of 
many, a city street is not a continuous scene of human and mechanical disaster,” 
is somewhat different from what was intended, and some explanation should 

be made. The purpose was not to convey the impression that a great many 
people over-estimate the seriousness of the traffic-accident problem. That 
certainly is not the case. It was intended, rather, to mean that many believe 
that accidents are rather indiscriminately distributed along the street and are 
likely to occur almost anywhere. In fact, however, they are concentrated at 
certain points and along certain sections of streets, whereas other sections are 
relatively free of accidents. 

The difficulty with the belief of many, as the statement was intended to 
convey, is that it would place the responsibility for accidents too largely upon 
abnormal or unsocial drivers and pedestrians who are not interested in their ° 
own safety. However, the patterns of accidents at individual “high-accident”’ 
locations, and the freedom from accidents of long sections of street bearing the 
same traffic that becomes involved in accidents at other places, show quite 
conclusively that a substantial part of the responsibility for accidents lies with 
the conditions peculiar to individual locations. 

The very basis of the engineering approach to the solution of traffic problems 
is the belief that the vast majority of drivers and pedestrians drive or walk 
safely to the extent that they can foresee and avoid hazards. The function of 
traffic engineering is to make it easier for drivers and pedestrians to use the 
streets and highways safely and expeditiously either by eliminating the hazards 
or by providing warnings, safeguards, and aids for avoiding them where they 
must remain. The more effectively this function is performed, the easier will 
be the functions of traffic-safety education and enforcement. 

The field of traffic engineering has the very fascinating job of determining 
and evaluating driver and pedestrian practices as important factors in the 
design of traffic facilities, control measures, and safeguards. The more 
quantitative data that are gathered concerning traffic the more obvious it 
becomes that driver and pedestrian practices, under similar conditions, are 
approaching similarity. Vehicle speeds along a given section of street will fall 
into quite definite patterns, the dissenters from which are likely to be relatively 
few. Nearly all drivers will obey a ‘“‘stop” sign where the computed ‘‘critical 

“speed,” as determined by view obstructions and other conditions, is very low. 
However, where the critical speed is relatively high, a much smaller percentage 
will obey because the others resent restrictions which are obviously unnecessary. 
These and other facts which traffic engineers observe enable this branch of 
the profession to design measures for the prevention of accidents and congestion 
and to obtain anticipated results. 
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Another important function of the traffic engineer is to make the results of 
his efforts to reduce accidents or congestion on existing streets or highways 
serve as the basis for foreseeing and preventing similar conditions in the design 
and construction of new ones. It is the assembly of that body of information 
concerning the value of different remedies for different problems and the 
conditions which differentiate one problem from another which will give to his 
proposals for avoiding accidents or congestion in new street or highway plans 
the prestige which comes from successful experience. 

Fortunately, in setting up a new traffic-engineering department in a city, 
the engineer can start with treatment of the many accident or congestion 
problems that already confront him and work from them to the treatment of 
the problems which he foresees in the new streets or highways that are being 
planned. As*time goes on, his job will change somewhat from the treatment 
of existing problems to the anticipation of those that will develop if the proper 
measures are not taken in the design and construction of improvements or new 
streets or highways. 


ee 
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DISCUSSIONS 


THEORY OF LIMIT DESIGN 


Discussion 


By E. S. FABIAN, Assoc. M. Am. Soc. C. E. 


H.S. Fasran,® Assoc. M. Am. Soc. C. E. (by letter).°2*—The essential func- 
tional requirements of any structure are: (1) That it be strong enough to 
withstand the application of the loads of specified magnitude; and (2) that 
under the application of these loads it exhibit a certain degree of resistance to 
deformation and thus maintain its geometric integrity. Strength and stiffness 
within the prescribed limits are the basic considerations of any design theory 
whether applied to individual members or to entire structures. Since the 
indices of both the strength and the stiffness of any structural member are 
expressed in terms of its dimensions and the physical properties of the material 
of which it is made, strength and stiffness of a structural member are definitely 
related. Parametric equations for strength and for stiffness can be written in 
each case and, by varying the parameters, simultaneous values can be obtained 
from which curves can be drawn. From these curves the functional relation of 
strength and stiffness can be ascertained conveniently. It is the character of 
this function that determines whether the principle of superposition (see head- 
ing “Introduction’’) applies. 

To admit the application of the principle of superposition to a structure, the 
following conditions must be postulated: 


(1) The character of the impressed load must not change as the load is 
increased ; : 

(2) The geometric configuration of the structure must not appreciably 
change with the increase in the load; 

(3) As the Load P changes, the axial (and bending) loads on each member 
of the structure must change proportionally to the change in Load P; 

(4) As the loads on the members change, with the change in Load P, the 
unit stresses and total deformations must remain proportional to the loads; and, 


| Nors.—This paper by J. A. Van den Broek, M. Am. Soc. C. E., was published in February, 1939, 
_ Proceedings. Discussion on this paper has appeared in Proceedings, as follows: May, 1939, by Messrs. 
John H. Meursinge, I. K. Silverman, Edward Godfrey, Basil Sourochnikoff, E. Mirabelli, C. M. Goodrich, 
George Winter, and Francis E. Simpson; June, 1939, by Messrs. Joseph A. Wise, Alfred M. Freudenthal, 
Hans H. Bleich, Alfred S. Niles, and A. Floris; and September, 1939, by Messrs. L. H. Nishkian, and 
F. G. Eric Peterson. 

52 Associate Prof. of Mechanics, Univ. of Tennessee, Knoxville, Tenn. 


52a Received by the Secretary August 2, 1939. 
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(5) The total deformations of the various members—tensile, flexural, and 
compressive—must be of the same order. 


Conditions (1) and (2) must also apply to each member in the structure. 


The author’s predication (see heading ‘‘Introduction’”’) ‘‘that a structure 
will fail only when as many members, or restraints, as the structure has re- 
dundants plus one, are loaded to their capacity strength” and his third dictum 
(heading ‘‘Theory’’) are unquestionably valid within the limits of the operation 
of the principle of superposition; so is his design procedure as illustrated by the 
application to the design of a tower. As the writer understands it, this design 
procedure consists of three main steps which can be outlined as follows: (a) 
Apply an over-stress factor, , to the design load of a structure; (b) on the basis 
of this “capacity” load, draw a continuous force diagram, and if it closes, it 
may be regarded as satisfactory; and (c) assume the dimensions of one member, 
in conformance to the force diagram, and proportion the neighboring members 
in relation to it as indicated by the force diagram. 

To design a structure in this manner on the basis of the configuration of 
the structure when it is unloaded, is to assume that this configuration will not 
change appreciably while the capacity load is gradually diminished to zero value — 


and then gradually increased back to the th portion of its capacity value. To 
assume that when this is accomplished each member (which was designed for its _ 
capacity load) will be subjected to “th portion of its capacity load, is to postu- — 


late that throughout the process of unloading and partial loading the loads on © 
each member, its unit-stresses and its total deformations, are constantly pro- — 
portional to Load P. It must be assumed that 


dP’ ds __ dA | 
ap ap = ap = constantics. 2has Stentor eee (28) 


in which P = the total load on the structure; P’ = the load on a member; © 
s = the unit stress in the member; and A = the total deformation of the © 
member. This assumption is equivalent to stating that the structure must act — 
as a “unit”; that is, the structure acts as a whole and is analogous to a single 
member of like character. However, a condition of this nature can be approxi- _ 
mated only in extremely rigid structures, in which the members at each joint | 
can be assumed to be of virtually equivalent rigidities, giving the structure a — 
character of homogeneity. Their axial deformations, whether tensile, com- 

pressive, or flexural, can be assumed to be very small, and the resultant dis- ~ 
placements of the joints are negligible. The application of the principle of 

superposition can be admitted and the design can be made on the basis of 
static equilibrium. However, due attention to permissible joint displacements 
and consequent deformations has resulted, in the case of suspension bridges, in 
considerable economy of design. Similar economy can undoubtedly be shown 
for other structures. 


83 Transactions, Am. Soc. C. E., Vol. 91 (1927), p. 894. 
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The stiffness of a structure as a whole is a function of the ratio of the loads 

- (dead and live) that the structure must carry to its over-all dimensions. In 
certain types of structures this ratio is rather small and, if the deflections are - 
of no consequence and are permitted to be large, the design results in a “light” 
type of structure. The behavior of these structures under applied loads is 
very dissimilar to the behavior of structures of a heavy or rigid type. This 
latter type will display a degree of elastic stability under any condition of stress 
intensity in its members up to the yield point. (In certain cases elastic stability 
may persist when the stresses in some members are beyond the yield point.) 

The light type of structure, however, may reach a condition of neutral equi- 
librium, presenting the danger of failure by buckling, when the magnitude of 
stresses in its members is considerably below the elastic limit. This dissimilar- 
ity of action can be explained only by the supposition that the ratios of stresses 
to deformations are not the same in the two types. In a light structure the 
deformations proceed at a greater rate than the stresses, or, stated briefly, the 
principle of superposition does not apply. Such light structures are very sensi- 
tive to the effects of the eccentricities and nonsymmetries at the joints, and 
their light members will often be subjected to a combination of axial and lateral 
loads. 

When applied to whole structures, the principle of superposition must be 
postulated from the proportionality of total deformations to the applied loads. 
In the manner indicated in the first paragraph of this discussion, it can be shown 
that, in general, the relation between the capacity loads of various structural 
members and their stiffnesses is not a straight-linefunction. Itis an asymptotic 
curve, similar in many respects to Euler’s curve, the asymptotic part of which 
is in the range of low slenderness ratios (that is, high stiffness) of the members. 
Assuming this part of the curve to be a straight line it can be seen that the axial 
deformations of heavy, stiff members, whether they are subjected to tensile, 
flexural, or compressive loads, will be of the same order. Experiments validate 
this assumption. As the curve recedes from its asymptote in the direction of 
higher slenderness ratios, the rapid change in the slope of tangents to the curve 
indicates that such similarity in axial deformations in slender members cannot 
be assumed. In other words, the principle of superposition cannot be applied 
to structures joined by slender members of heterogeneous character. For 
similar reasons the principle of superposition cannot be applied to slender 
members subjected to the simultaneous action of heterogeneous loads such as 
compressive and bending loads. It can be shown that under these conditions 
the load-resisting function of a member, as regards lateral loads, is approxi- 

' mately proportional to 1 minus the ratio of the applied axial load to the ca- 
pacity axial load. By analogy a similar proportionality can be postulated for 
the structure as a whole. 

Where the conditions are such that the law of superposition cannot be ap- 
plied, the distribution of loads to various members cannot be made on the basis 
of simple statical conditions—namely, the force diagram—but it must be made 
on the basis of Maxwell’s equations—that is, by the “influence-line” method. 

5&4 Transactions, Am. Soc. C. E., Vol. 94 (1930), p. 882. 
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Herein, to the writer’s mind, lies the anomaly of the author’s thesis. Although 
Professor Van den Broek emphasizes the importance of deformations, the force 
diagram is the key to his analysis; although he holds the deformations of a 
structure to be of prime importance, he criticizes, as unsound, the very methods 
of analysis which are based on considerations of deflections. 

Just how far a theory postulated upon the law of superposition applies to 
structures to which the law does not apply, and within what limits of deviation 
from this law, is not a problem pertinent to this discussion of limit design. A 
theory pushed beyond its rational limitations becomes an hypothesis. That the 
standard specifications, formulas and methods used in structural design are open ~ 
to questioning cannot be denied. They have been developed with reference to 
certain types of structures and to meet specific problems. Their application to 
the light type of structures, particularly of the highly indeterminate character, 
may be questioned on the grounds of economy. To this end, the author has 
rendered a valuable service in raising the problem. The theory of limit design 
is undoubtedly applicable in certain cases. With modifications, particularly 
with reference to compression members and the factor of safety, perhaps its ap- 
plication could be extended. The limits of its application and the extent of the 
necessary modifications can be ascertained, however, only by considerable 
additional analysis and by checks against the methods that experience has — 
shown to be reliable and economical. 
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HYDPROLOGY*OF THE GREAT" LAKES 
A SYMPOSIUM 


Discussion 


By Messrs. S. T. HARDING, O. E. MEINZER, AND R. W. DAVENPORT 


S. T. Harpine,!® M. Am. Soc. C. E. (by letter).18%—The two papers in this 
Symposium represent a hydrologic balance sheet for the Great Lakes. The 
method used is illustrated by its application to Lake Superior. The resulting 
values found for the individual items in such a balance have values which differ 
for some items from those more generally considered applicable to similar 
conditions. The authors’ results can be reviewed both from the point of view 
of their detail procedure and from general comparisons of their results. 

As Colonel Pettis states, a rigid solution is impossible where there are three 
unknowns and only two equations. He meets this condition by means of 
assumptions which provide the equivalent of a third equation. The correctness 
of his conclusions thus depends on the correctness of these assumptions. 

Colonel Pettis assumes that the area supplying water to Lake Superior is 
limited to its topographic drainage basin. This assumption is the usual and 
natural one for this area. Its use requires that the sum of all items of water use 
must equal, and cannot exceed, the total rainfall on the topographic basin 
tributary to the lake. 

The known items are combined in the expression P+ R—O-—S, Al- 
though all of these items cannot be measured completely or exactly they are 
determinable within reasonable limits. The greatest uncertainty is in the R 
item as Colonel Pettis states the run-off of only 49% of the tributary drainage 
has been measured. 

The plotting of the average monthly values of P + R — O — S (Fig. 1(c)) 
shows negative values for April and May. This means that the values used 
for the rainfall on the lake, the surface run-off into the lake and the lowering 
of the lake are not sufficient to supply the outflow from the lake in these 
months. This, in turn, means that some additional item of inflow is required to 
supply the outflow even if no evaporation occurs from the lake. 


Nory.—tThis Symposium was published in April, 1939, Proceedings. Discussion on this paper has 
appeared in Proceedings, as follows: June, 1939, by A. A. Young, Assoc. M. Am. Soe. C. E.; and September, 
1939, by Messrs. Alfred J. Cooper, Jr., and Adolph F. Meyer. 

18 Prof., Irrig., Univ. of California, Berkeley, Calif. 

18a Received by the Secretary June 14, 1939. 
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Although the uncertainty in the values for P and R may account for the 
negative values found for P + R — O — S, all experience requires the inclusion 
of some material amount of evaporation in these months. This, in turn, 
results in requiring an additionally larger item of inflow from some unmeasured 
source. 

Proceeding with the assumption that there is unmeasured ground-water flow 
into the lake, Colonel Pettis derives values for its amount which produce the re- 
sults shown in his summary balance for both land and water areas. The curve 
for P + R — O —S, in Fig. 1(c) which is equal to E — U, or the total net 
value of the unknown evaporation from the lake and any other unknown inflow, 
indicates that either there are major omissions or errors in P+ R—O—S 
or that other sources of inflow must exist of appreciable amount. It also indi- 
cates that the values for evaporation by months must have a relative distribu- 
tion through the year that is materially different from those that have been — 
usually considered. If the unknown item of inflow is assumed to have a fairly 
constant distribution through the year, the resulting values for evaporation — 
from the lake must have winter values that are larger than the summer values. — 

Using his assumptions Colonel Pettis completes the analysis to secure the — 
resulting values for land losses, ground-water flow into the lake and evaporation 
- from the lake. Just as Colonel Pettis used his results for P + R — O — S to 
judge the amount of distribution by months of his unknown items, his con- ~ 
clusions can be used to judge the reasonableness of his results. 

The rainfall on the drainage area must supply the land losses, the rainfall 
penetration which becomes the source of the ground-water and underground 
flow into the streams and the lake as well as the surface run-off. For Lake 
Superior alone the items of water supply must balance similarly. If one item 
is over-estimated some other item must be reduced correspondingly in the land 
balance. If inflow to the lake is over-estimated, evaporation from the lake 
will have to be increased. 

Some of the limitations on the values that may be secured for evaporation 
from Lake Superior can be shown by varying the assumed value of the land 
losses for consumptive use. The total rainfall of 28.2 in. may be distributed in — 


TABLE 6.—DistrisutTion or TotaL RAINFALL 


Description Pettis For Various Assumed Values 


Consumptive use, Z, in inches of depth on land area. . 5.9 10.0 15.0 16.6 


Inches of Depth on Land Area: 


MUTLACO TUNSOL pilvorais rote eran etaineteeuattrel seh rsectl ole renee rs 11.6 11.6 11.6 11.6 

Underground flow into lake, U ............4.000- 10.7 6.6 1.6 0 
Inches of Depth on Lake Area: 

Burrace mow. to Jalte;Ah sek. le cate fone tioehmre oe 17.9 17.9 17.9 17.9 

Underground flow into lake, U .......... 2.00002: 16.5 10.2 2.5 0 

Resulting evaporation from lake, Z.............. 35.6 29.3 21.6 19.1 


various amounts as illustrated in Table 6. These results illustrate the limita- 
tions on the different items. If 16.6 in. of the rainfall on the land are used in 
soil-moisture evaporation and plant transpiration, including rainfall intercep- 
tion by vegetation, and Colonel Pettis’ estimate of stream flow is correct, there 
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is no remaining supply available for ground-water flow into the lake. To meet 
Colonel Pettis’ conclusions land losses can only be 5.9 in. and rainfall penetra- 
tion would have to be 10.7 in. plus the ground-water portion of the stream flow. 

Although no exact values can be set for these items, Colonel Pettis’ conclu- 
sions differ materially from most of the present values used for these items. He 
secures a land loss of 5.9 in. where water surface evaporation is 35.6 in. or land 
losses are only one-sixth of water losses. The drainage area of Lake Superior 
contains many other lakes. Their total area is not available; if they represent 
one-sixth of the drainage area, their evaporation would require all of the water 
assigned by Colonel Pettis to land losses, leaving nothing for loss from the five- 
sixths of the areainland. For the vegetative conditions of this area, consump- 
tive uses should exceed 5.9 in. The rainfall is sufficient to support active 
vegetation. Cropped areas would require more than 6-in. loss for usual 
yields; forest areas would consume in excess of this amount. Colonel Pettis 
finds a maximum monthly land loss of less than 1 in. per month. General 
values shown by available records are well summarized by Joseph Kittridge, Jr.,19 
who places the area surrounding Lake Superior in the group of annual water 
losses between 10 and 20 in. Mr. Kittridge found such losses to be less than 
10 in. only in sagebrush and desert shrub areas. Although his method of | 
deriving results includes unmeasured deep ground-water movement with the 
land losses, his values are derived from areas adjacent to Lake Superior where 
such deep ground-water movement is not a factor. 

The reasonableness of the land-area balance can also be approached from 
another point of view. All the underground flow to the lake, plus at least 
part. of the surface run-off, must represent rainfall that has penetrated below 
the plant roots and reached the water table. The portion of the surface run-off 
that represents ground-water flow into the streams is not discussed in numerical 
terms in the Symposium and would be difficult to estimate closely. As the 
stream flow is fairly well sustained throughout the year such ground-water flow 
appears to be a material part of the measured stream flow. 

The quantity of the derived underground flow into the lake represents 37% 
of the precipitation, With ground-water movement into the surface streams, 
the summary presented by Colonel Pettis would require that more than one-half 
of the rainfall penetrate to the ground-water. This is a much larger proportion 
of rainfall penetration than has been found for other similar areas. The 
general results of observations of rainfall penetration in the Great Plains area 
would indicate little penetration from the 28.2 in. of rainfall on heavy soils, to 
perhaps 6 in, on sandy lands if conditions are as favorable as on the drainage of 
the Loup River in Nebraska. The probable amount of rainfall penetration on 
the drainage area of Lake Superior would not appear to be sufficient to account 
for more than the ground-water flow into the streams which is included in the 
stream item of Colonel Pettis’ water supply balance. 

The small value found for consumptive use requires a correspondingly high 
value for the total run-off. For both surface and underground run-off, the 


1 **The Magnitude and Regional Distribution of Water Losses Influenced by Vegetation,” by Joseph 
Kittridge, Jr., Journal of Forestry, Vol. XXXVI, No. 8, August, 1938, pp. 775-778. 

»“'Direct Accretions to Ground-Water from Rainfall,”’ by S. T. Harding, M. Am. Soe. C. E., Trans- 
actions, Am. Geophysical Union, 18th Annual Meeting, 1937, pp. 368-371. 
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total run-off derived is 22.3 in. from a rainfall of 28.2 in. This exceeds the 
quantity of run-off obtained from adjacent similar areas. Areas farther west 
in the same latitude, with about 20 in. rainfall, have a surface run-off of only 
2 or 3 in., and have little rainfall penetration. 

Evaporation—The Symposium presents two determinations of evaporation 
from Lake Superior, separately derived. Their close agreement does not neces- 
sarily represent a proof of the correctness of either. 

Mr. Hickman’s method of observation of evaporation represents a com- 
mendable effort to eliminate one of the factors which causes observations with 
pans to differ from the loss from large water areas. The method used, however, 
raises additional questions regarding the interpretation of the pan results in 
terms of lake evaporation. 

The maintenance of the temperature of the water in the pans at the same 
value as the temperature of the surface water in the lake does not of itself 
assure the same rate of evaporation. Although it may reduce the extent of 
the difference, comparisons between the temperature-controlled pans and ~ 
measured evaporation from large areas are needed before the assumption that 
the controlled pan has a coefficient of unity in all months can be justified. 
Although the difference in temperature between the water in the pans and in © 
- lakes is one of the important factors in their different rates of evaporation, other ~ 
factors such as rim effects of the pan, differences of exposure and differences in _ 
pan size still need to be considered. 

Evaporation is dependent on the available heat supply. On the lake the — 
heat supply is primarily that received from solar radiation. The evaporation — 
will be less than the quantity of water that the total solar radiation can convert — 
into vapor because of back radiation and any loss in heat to surrounding bodies. — 
Heat is stored in the lake during months of rising water temperatures and — 
withdrawn during those of lowering temperatures. The authors state that 
temperature variations extend to a depth of 180 ft. They present the monthly 
mean surface temperatures but do not show the monthly temperature profiles 
in the lake. : 

If the heat added to the pans during the cooling months, to maintain the 
same water temperature in the pan as in the surface water in the lake, is equal 
to the heat obtained at the lake surface by the cooling of the lake water, then — 
the loss from the pan would represent the probable evaporation from the lake 
as far as the heat balance items are involved. In the summer months the heat 
removed from the water in the pan would need to be equal to the heat stored 
in the water in the lake. Without records of the heat added or removed from 
the pan, or of temperature profiles in the lake, comparisons on the basis of a 
heat balance cannot, be made. 

Mr. Hickman’s results differ from direct observations on other lakes which — 
do not freeze during the winter. On some western lakes conditions permit the — 
same type of analysis used by Colonel Pettis where ground-water inflow or 
outflow is negligible in amount. Among such lakes in areas of fairly low winter 
temperatures are Pyramid and Walker lakes in Nevada. These lakes also 
do not freeze during the winter; both have sufficient depth to be comparable, 


ee 


* 
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in this respect, to Lake Superior. Results to 19352! show much less relative 
evaporation during the winter months than are found by the authors. The 
evaporation and air temperatures of the three lakes are compared in Table 7. 
For the air temperatures the U.S. Weather Bureau records at the nearest station 
are used, Lahontan being used for Pyramid Lake and Schurz for Walker Lake. 


TABLE 7.—Companrison or EVAPORATION AND AIR TEMPERATURES; PYRAMID 


AND WALKER Lakes IN NEvaDA AND Lake SupERIOR 


Pyramid Lake Walker Lake Lake Superior Percent of the Annual Total 

Mean air Mean air Mean air 

Eyapo- | temper- | Evapo- | temper- | Evapo- | temper- 
ration, |ature,in| ration, | ature, in| ration, | ature, in| Pyramid] Walker Lake 

in degrees in degrees in degrees Lake Lake Superior 
feet Fahren- feet Fahren- | inches | Fahren- 
heit heit heit 

January 0.25 31.7 0.20 31.7 4.2 26 6.0 4.8 11.8 
February 0.25 37.9 0:15 37.4 3.1 24 6.0 3.6 8.7 
March 0.30 44.8 0.20 44.2 2.0 27 7.25 4.8 5.6 
April 0.30 51.7 0.20 50.4 1.4 32 7.25 4.8 3.9 
May 0.35 60.2 0.25 58.5 1.5 40 8.4 5.9 4.2 
June 0.40 69.1 0.40 66.2 ils} 48 9.65 9.5 4.2 
July 0.40 78.2 0.50 73.1 1.9 58 9.65 11.9 bis 
August 0.40 76.1 0.55 71.1 2.6 64 9.65 13.1 7.3 
September 0.45 65.7 0.65 62.0 3.4 66 10.85 15.5 9.6 
October 0.40 54.1 0.45 52.4 4.3 60 9.65 10.7 12.1 
November 0.35 42.3 0.40 40.6 4.8 48 8.4 9.5 13.5 
December 0.30 32.9 0.25 32.8 4.9 34 7.25 5.9 13.8 
Total 4.15 53.7 4.20 51.7 35.6 ben 100.0 100.0 100.0 


Until the heat-controlled pan can be tested adjacent to a large water surface 
for which the evaporation can be determined, the coefficient that needs to be 
applied to the results with the heat-controlled pan must remain unknown. 
Although the coefficient might prove to be unity, both for annual and for 
monthly periods, the writer will venture the prediction that the loss from the 
heat-controlled pan will be found to exceed that from the adjacent large water 
area and that the monthly ratios of the pan to the large area will be variable. 
The size of the heat-controlled pan is also a factor in its amount of evaporation 
if its performance is similar to other types of pan. Comparisons with different 
sizes of heat-controlled pans would not be difficult to make; if size were found to 
be a factor it would demonstrate that the assumption of a value of unity for 
the coefficient of their pan as used by the authors was not justified. 

Conclusions.—Colonel Pettis meets the apparent contradiction of negative 
evaporation in April and May, if the ground-water inflow to Lake Superior is 
taken as zero, by assumptions which remove that difficulty but lead to im- 
probable values for land losses and rainfall penetration. Mr. Hickman’s heat- 
controlled evaporation pans give values for evaporation which agree with 
Colonel Pettis’ results but, if applied to Lake Superior without correction, lead 
to the same difficulties in land losses that result from Colonel Pettis’ analysis. 

Although these two papers represent a commendable effort to determine the 
hydrologic balance for the drainage area of Lake Superior, the problem does 


2. Eivaporation from Large Water-Surfaces Based on Records in California and Nevada,’’ by S. T. 
Harding, Transactions, Am. Geophysical Union, 16th Annual Meeting, 1935, pp. 507-511. 
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not appear to be solved. Further work needed appears to include: (1) A more 
direct study of land losses to determine what part of the rainfall may be avail- 
able for ground-water movement into the lake; (2) perhaps a review and possi- 
ble revision of the estimated surface flow from the unmeasured portions of the 
drainage area; (3) comparisons of the heat-controlled pans with large water 
areas whose evaporation can be measured; and (4) monthly temperature pro- 
files in the lake to determine if cooling in the late fall and winter months can 
supply the amount of heat required for the estimated amount of evaporation in 
these months. Although previous estimates of evaporation from Lake Superior 
may have been too small, Mr. Hickman’s estimate, when all factors are con- 
sidered, appears to be too high. Actually the evaporation from the lake must 
have a value that can be supplied from the rainfall and leave a consistent water 
supply available for land losses. Mr. Hickman’s results do not appear to meet 
this standard. 


O. E. Mernzur,” Esa. (by letter).2“—The paper by Colonel Pettis does — 
not discuss the geology and ground-water conditions of the drainage basin 
tributary to Lake Superior. The area is known to be underlain, for the most 
part, by pre-Cambrian erystalline rocks which in general are impervious or 
have only low permeability. In most places these hard old rocks are overlain 
by a thin mantle of glacial drift which is, in part, water-bearing. 

So far as is known, the rocks of this basin do not, except locally, have any — 
artesian structure or other structural features for conveying the ground-water © 
laterally toward the lake. The ground-water is believed to be essentially under — 
water-table conditions, with the water-table sloping toward the streams and — 
branches and not generally toward the lake. If these conditions prevail, a large — 
part of the stream flow is doubtless derived from ground-water, but the quantity © 
of water percolating directly into the lake can be only a small fraction of the 
10.7 in. postulated in the paper. 

On the basis of the great mass of information that is available in regard to 
the geology and ground-water conditions of the United States, it can be stated 
confidently that, for most of the large drainage basins in the United States, the — 
loss or gain of water by subterranean flow is relatively small, and the discharge — 
by transpiration and evaporation approximates the difference between precipi- ~ 
tation and stream discharge. In general, the rate of discharge by transpiration — 
and evaporation changes gradually and systematically from one region to — 
another with changes in climate. ; 

Colonel Pettis gives the land losses for the drainage basin of Lake Superior — 
as only 5.9in. Ifa larger rate of loss is conceded for the extensive swamp areas | 
and numerous minor lakes within the basin, the rate of loss from the actual 
land areas would be still smaller. If 10.7 in., the purported value of U, is 
added to 5.9 in., the purported value of L, the total is 16.6 in., which is ap 
proximately the discharge by transpiration and evaporation that would b 
expected in the Lake Superior basin from the known regional loss. 


2 Geologist in charge Division of Ground Water, Water Resources Branch, U. S. Geological Survey, 
Washington, D. C. 
22a Received by the Secretary August 18, 1939. 
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The writer has not been able to get a clear understanding of the process by 
which the evaporation from the lake (#) has been estimated or computed in 
this paper. It is apparently quite conjectural. The value of 10.7 in. for 
ground-water inflow (U) has been derived merely by subtracting P + R from 
O+8S-+£. Furthermore, the value of 5.9 in. for the land loss (LZ) has been 
derived merely by subtracting R + Ufrom B. Apparently no effort was made 
to study the actual ground-water conditions. 

It would seem that, before the results of 10.7 in. and 5.9 in. can be given 
favorable consideration, a systematic ground-water survey of the drainage basin 

should be made, including a quantitative ground-water study of at least one 
locality that appears relatively favorable for percolation of ground-water into 
the lake. The quantitative study should include such items as a contour map 
of the water-table and a determination of the extent, thickness, and coefficient 
of permeability of the water-bearing beds. 


R. W. Davenport,”? M. Am. Soc. C. E. (by letter) .2#*—From his analyses, 
Colonel Pettis reaches the conclusion that, for the drainage area of the Great 
Lakes, the evaporation and underground flow are greater, and the land losses 
are less, than the values that have been generally accepted. 

The mean annual evaporation from Lake Superior has been estimated in 
notable investigations of recent years as follows: 22 in. by Mr. Freeman, 15 in. 
by Messrs. Horton and Grunsky, and 23 in. by Messrs. Hayford and Folse. 
These results contrast with 35.6 in. obtained by the authors of the Symposium. 
The substantial excess of the latter value of estimated evaporation over the 
others is impressive. 

Unquestionably, the mean annual rainfall and the mean annual run-off 
from the land area, 28.2 and 11.6 in., respectively, as obtained by Colonel Pettis, 
may be accepted as reasonably reliable. The results for outflow from Lake 
Superior and changes in storage in the lake are determined by methods which 
are reasonably precise and should be correspondingly reliable. Consequently, 
Colonel Pettis’ further conclusion that underground flow is more and losses 
are less than generally accepted seems to rest fundamentally on the validity of 
the values adopted by him for evaporation from the lake. 

The writer has participated in rather extensive studies of so-called land 
(or water) losses, or the difference between rainfall and run-off, in Eastern 
United States. (The term “rainfall’’ as used herein includes all forms of 
precipitation.) The studies were supervised by Gordon R. Williams, Assoc. M. 
Am. Soc. C. E., under the general direction of the writer. 

They were limited to streams in the humid or semi-arid regions of the United 
States east of the Rocky Mountains. The basic period for which the computa- 
tions were made is the water year, or year ending September 30. Only records 
which had continued without interruption for three years or more were used, 
The basins were also selected with a view to: (a) The avoidance of complications 
due to underground flow, as indicated by large springs or other evidence of 

2% Hydr. Engr., U. S. Geological Survey, Washington, D. C. 

2%e Received by the Secretary August 18, 1939. 


*"*Water Losses in the United States,’’ by Gordon R. Williams and others, Water-Supply Paper No. 
846, U. S. Geological Survey (publication pending). 
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material ground-water influence; (6) the avoidance of artificial regulation by 
storage; and (c) the availability of a sufficient number of precipitation stations 
for the reliable determination of the average precipitation in the respective 
basins. The report* gives results for about 200 areas with an aggregate period 
of record of more than 2 000 years, or an average of about ten years per record. 


TABLE 8—Summary or PrecrprraTion, Run-Orr, aNnD WaTER Loss IN ~ 
WESTERN ST. LAWRENCE ‘RivER Basin anp ADJOINING REGION 


Mean ANNUAL QuaN- 
n TITIES, IN INCHES 
penrod! Drainage 
Tow Basin above the indicated gaging station studied, in anal 
water years Miles ae Rune |e water 
es off loss 
(a) St. Lawrencrn River Basin 
Streams Tributary to Lake Michigan: | 
1 Thornapple River near Caledonia, Mich. . 1932-1934 773 32.0 9.3 22.7 4 
2 Muskegon River at Newaygo, Mich..... 1932-1934 1 450 30.1 10.2 19.9 
Streams Tributary to Lake Huron: 1913-1914 : 
3 Tittabawassee River at Freeland, Mich... 1916-1920 2 530 29.7 9.3 20.4 | 
1932-1934 ; 
Streams Tributary to Lake Erie: ; 
4 River Rouge at Detroit, Mich.......... 1932-1934 194 28.6 6.0 22.6 
5 Huron River at Barton, Mich.......... 1915-1920 723 31.7 9.2 22.5 
(6) Misstssrprr River Basry 
Chippewa River Basin: 
6 Jump River at Sheldon, Wis........... 1916-1934 510 30.5 12.9 17.6 
Trempealeau River Basin: 
Me Trempealeau River at Dodge, Wis... . . . 1915-1919 633 29.5 8.3 21.2 
Black River Basin: 
8 Black River at Neillsville, Wis.......... 1915-1934 756 31.1 9.6 21.5 
La Crosse River Basin: 
9 La Crosse River near West Salem, Wis. 1915-1934 412 30.3 10.0 20.4 
Wisconsin River Basin: ; 
10 Rib River at Rib Falls, Wis. . 1926-1934 309 30.1 12,4 17.7 
11 Yellow River at Sprague, Wis. 4 1927-1934 420 28.8 6.3 22.5 
12 Kickapoo River at Gays Mills, 1915-1933 |) «.. 4. 31.6 9.3 22.3 
Rock River Basin: 
13 Sugar River near Brodhead, Wis. ...... 1915-1934 529 32.5 9.2 23.3 
(c) Hupson River Basin 
14 | Red River at Fargo, N. Dak........- (igge-ueas | 6220 | 20.8 | Ge owe 
15 | Red River at Grand Forks, N. Dak........ 1882-1934 25 500 20.9 1.2 19.7 
29— 2. 
16 | Red Lake River at Crookston, Minn........| {195871938 | 5320 | 195 | 16 | 179 


Table 8 shows a summary of precipitation, run-off, and water losses for 
areas in the western St. Lawrence River Basin and the adjoining region, as they 
appear in the report. The water-loss results are plotted in Fig. 10 in order to 
facilitate consideration in relation to their several geographical positions. The 
requirements of the study for continuity and duration of the records, freedom 
from complications caused by artificial regulation of stream flow, and adequacy 
of the rainfall data caused the distribution of selected basins to be sparse in the 


region indicated. 
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As used in these studies, the run-off is the surface stream flow measured at 
a gaging station, and the rainfall is the computed average precipitation over the 
drainage area tributary to the gaging station. The difference bétween these 
two factors, of course, represents the evaporation and transpiration from the 
basin plus ground-water outflow from the basin that is not measured at the 
gaging station, minus ground-water accretion from sources outside the basin 
which appears in the measured surface flow at the gaging station. The common 
designation of this difference as water losses, as representing the evaporation and 
transpiration, is a misnomer to the extent that underground flow is involved in 
the ways indicated. Adjustments to the water-loss results as computed would 
be subtractive for ground-water outflow that does not appear at the gaging 
station and additive for ground-water aceretion from outside the basin that 
appears at the gaging station. Variations in evaporation, transpiration, and 
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Mean Annual Water Loss, in Inches 


40 42 46 48 50 52 54 56 58 60 62 64 66 68 
Mean Annual Temperature, in Degrees Fahrenheit 


Fic. 10.—Compartson or Mran AnNuAL Water Loss AND Mran ANNUAL TEMPERATURE FOR 
SeLecrep Basins with Mean ANNUAL PReEcIPITATION IN Excess oF 20 INcHES 


ground-water effects, both additive and subtractive, would be reflected in 
variations in the computed difference between rainfall and run-off. 

The water losses show general uniformity under similar climatic conditions 
and a tendency to systematic transition in value as these conditions change. 
A striking feature is the progressive decrease in the computed loss in a direction 
from south to north. In the Gulf States computed losses of 30 in. to 35 in. or 
more are typical, whereas in the latitude of central New England and Wisconsin 
the losses seem to range generally from 20 in. to 24in. In the aforementioned 
studies data were computed for comparing the mean annual water loss and the 

mean annual temperature for each of 28 drainage areas selected, with a view to 
adequacy of basic data and representative distribution. 

Fig. 11 is a graphical representation of this relationship by means of 28 
points plotted to show the respective basin determinations and lines enveloping 
them. It shows that for these 28 basins the water losses vary in general with 
the mean annual temperature. Unless one makes the unreasonable assumption 
that all of these basins are losing large parts of their water by underground flow, 
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he must conclude that Fig. 11 shows approximately the losses by evaporation _ 
and transpiration in relation to the mean annual temperature. 

The mean annual temperature of the area tributary to Lake Superior is of _ 
the order of 35 degrees. If the relation indicated by Fig. 11 is applicable, it — 


Scale in Miles 


p_ Rainy G. 
Lake 


17, Qh as 
< 


E 


; T 
Chicago 7 -—+—Toled 
ry 
Om ® or § 


Al une NS S 


‘ 
HV" | “i ES 
<.s 7 = | 
SI x to fH. Veg 


s | & 
E Neo. ues) > 


WoL 


| 
oe 
|. 


Fie. 11 


would appear that the normal annual water loss by evaporation and transpira- 
tion is between 14 in. and 20 in. This compares with 16.6 in., as obtained by 
taking the difference between the rainfall and run-off results given by Colonel 
Pettis, and differs radically from the 5.9 in. computed by him. 

Colonel Pettis’ determination of evaporation seems to be a likely source of 
discrepancy, and it is hoped that the work on that factor may receive critical 
review. 
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DISCUSSIONS 


RECONSTRUCTION OF THE WALPOLE-BELLOWS 
FALLS ARCH BRIDGE 


Discussion 


By Lewis D. RIGHTs, M. Am. Soc. C. E. 


Lewis D. Rieuts,® M. Am. Soc. C. E. (by letter).“—The original bridge 
between Bellows Falls, Vt., and Walpole, N. H.—a 540-ft arch span across the 
Connecticut River, built in 1904—was an ambitious project years ahead of its 
time. When it was planned, the Advisory Engineer, the late J. P. Snow, 
M. Am. Soc. C. E., and the Consulting Engineer, J. R. Worcester, Hon. M, Am. 
Soc. C. E., both recognized the advantage of keeping the structure above 
possible ice damage; but the Bridge Committee, composed of local business 
men from both sides of the river, would not hear to the extra expense. 

In 1906, a year after the bridge was finished, a flood damaged the bottom 
lateral bracing at one end and the consulting engineer recommended that a 
reinforced concrete slab be installed to brace the lower chord and protect the 
lower laterals, but there was no authority at hand to see that this was done. 

In 1928, the dam was raised, making the pool 10 or 12 ft higher; the canal 
was enlarged and the power-house expanded. It was inevitable that sooner 
or later this elevation of the dam would cause a destructive flood. 

At this time some strong State agency could have bargained with the 
power company to provide the necessary protection around the abutments as 
a partial offset for the benefit of increased power production. As is usually 
the case, the local authorities were incapable of handling these matters against 
a large power corporation, especially as the bridge was an interstate project. 
Had these precautions been taken, the heavy expense indicated in the paper 
might have been avoided. Fortunately, the entire bridge was not lost and 
the State of New Hampshire was able to take charge and repair it. 
 Offhand it would seem that the cheapest method of supporting the bridge 
during repairs would have been to use falsework towers as was done originally. 
So far as the writer knows the conditions were the same as when the bridge 


Nore.—This paper by Messrs. H. E. Langley and Edward J. Ducey was published in April, 1939, 
roceedings. Discussion on this paper has appeared in Proceedings, as follows: September, 1939, by J. B. 
'rench, M. Am. Soe. C. EH. 

5 Roselle, N. J. 

sa Received by the SecretaryfAugust 14, 1939. 
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was first erected, except that the water was deeper in the pool. This would 
‘mean longer, and possibly a few more, piles but it would have been balanced 
by shorter timbers in the framing of the towers. 

If the work had been done after the spring rise, when the ice was gone 
and before freezing weather, there would have been very little risk, even if a 
summer flood had occurred. Assuming that the erection cost of the bridge 
originally was one-half the cost of the superstructure, or $20 000, and taking 
into account the new repair material, it is difficult to understand the lump-sum ~ 
bid of $120000. On the “cost plus” plan the State assumed the risk from ~ 
operating hazards, and if this had been done for the lump-sum plan this bid © 
would probably have been much cheaper. Allowing for the changes in the © 
abutments it would still leave a difference of $50 000 to $75 000 to be explained. — 

The writer hopes that the authors will give the costs of the repairs in detail; 
that is, the abutments, new repair steel, erection including cables and the new | 
floor as well as information as to what was covered in the lump-sum bid. 

All this does not in the least detract from the high praise due the engineers — 
for the skill whereby the span was shortened from 540 ft to 486 ft and the © 
spring-line pins raised 17 ft. The success of their scheme is the result of bold — 
design, careful planning, and constant care. 

The original bridge was erected in upper New England, over a capricious ~ 
river, in the depth of winter because of the delays of the Committee in awarding _ 
the contract. The bridge was repaired, also, in the winter months, probably — 
due to the delays of the ‘powers above” in reaching decisions. It is to the — 
glory of engineers that they are willing to accept difficult and hazardous condi- © 
tions forced by circumstances beyond their control, without wasting time 
quibbling about them, and that they then proceed to overcome these hazards | 
successfully. } 
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DESIGN OF AN OPEN-CHANNEL 
CONTROL SECTION 


Discussion 


By FRANK S. BAILEY, Assoc. M. AM. Soc. C. E. 


FRANK S. Baiuny,® Assoc. M. Am. Soc. C. E. (by letter).2*—The author 
seems to have assigned himself a difficult task and performed it very ingeniously. 
The writer’s first impression of this paper was that it was too complicated for 
his understanding and possibly in this case the first impression was the best. 
However, during a leisure hour he began trying to follow the author’s reasoning 
and to check the equations he has derived. 

Becoming puzzled over Equation (6) he wrote a letter of inquiry to the 
author, who replied courteously: 


“*** if (5) is equated to 0, we find that this equation is satisfied if any 
of the factors are equated to 0. In other words, Q — A.2gm=0. I did 
not think it necessary to call attention to the other mathematical possibili- 
Bee which have no practical significance to our problem, for example 
when A, = 0.” 


Although it is probably true, as Mr. Kennison states, that Q — A.2g m = 0, 
the writer has not found why it must be so. He believes that 


OR — apAl tif. 4(GAiey =O hee etre dee ae a ee (46a) 
and that a 
_gAe 
“ (OP == B. WE See. JON oro ee OR aCAOD) 
Hquation (5), obtained by differentiating Equation (4), could read 
dQ p= Q? << g Ac’ f'(Ac) (47) 


dA, Az(Q —A,?gm) Sida Haleel ae. vila ¥\~'fa\ ot a lieley’ 6) fo kuite eel 


in which f’(A,) signifies the derivative of f(A.) with respect to A.. Perhaps 
Equation (5) is just as valid; but Equation (47) seems more complete. Re- 


| Noty.—This paper by Karl R. Kennison, M. Am. Soc. C. E., was published in May, 1939, Proceedings. 
Discussion on this paper has appeared in Proceedings, as follows: September, 1939, by Messrs. V. L. Streeter, 
Emery H. Willes, and Robert O. Thomas. 

9 Hast Braintree, Mass. 

94 Received by the Secretary July 29, 1939. 
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dd: pana 
, dA; 3 Bie 
which is the derivative of f(A.). Therefore, placing the numerator of Equa- 
tion (47) equal to zero, the relation be- 
tween Q and A, is as given by Equation 
(46d). 

As to the propriety of having a factor 
in the denominator which equals zero: 
As the numerator must equal zero to sat- 
isfy Equation (5) if the denominator is 
also zero it seems that the value of the 


ferring” to Fig. 4, it is evident that AA. = B, Ad-; and, in the limit 


fraction becomes > which is generally in- 


determinate, although not always. In any event no factors in the denomi- 
nator must, of necessity, be equal to zero, as the denominator may have | 
almost any value and still satisfy the requirement for a maximum value | 


of Q that = 0, if the numerator is zero. 
Horace W. King, M. Am. Soc. C. E., describes the formula 
a Q@ 
Fis Tig or sis oes aa (48) 


as “a general criterion, applicable to all channels, indicating the relation be- 
tween cross-section and discharge which must exist in order that flow may occur } 
at critical depth.’ Equation (48) resolves to 


2_gAd 
Q (i (49) 
and is identical with Equation (466) if f(A.) = =, T. being the top width of 


the cross-section of the stream at the control he 4 

The writer has made a rough calculation of the area A., corresponding to” 
a flow Q of 28.3 cu ft per sec, by using values given for d, and B, in Table 1(a). : 
Tn this calculation it was assumed that the sides of the section in Fig. 2 3a 
straight between the d,-intervals. As the sides are curved, the value of 3.34 
sq ft, obtained for A,, is a little too large. 

If this value is used in Equation (48), the resulting numerical expression is 
Sa EE or 34.1 = 24.9, which ‘does not fulfil the requirements of 
1.092 SPT @ ; *, ‘ 
the formula, as the two sides should be equal. If the precise value of A, is 
found to be very close to 3.00 (which is probably the case), Equation (48) woul 
check exactly and would be a proof of the correctness of Mr. Kennison’s result 


10‘*Handbook of Hydrauliecs,’’ by Horace Williams King, McGraw-Hill Book Company, Inc., Ne' 
York and London, Third Ed. (1939), p. 373. 
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DISCUSSIONS 


SRENSION # TESTS” OF LARGE *RIVETED JOINTS 


Discussion 


By Messrs. C. C. WINTER, W. M. WILSON, AND J. M. GARRELTS 


C. C. WintEr,” Assoc. M. Am. Soc. C. E. (by letter) .2°*—The writer pro- 
poses a few problems and tests, and suggests a few changes in specifications 
or in the interpretation of the present ones. 

Rivets—The rivet is the fundamental element of a riveted joint. The 
two main variables of rivets are the grip and diameter. It is suggested that 
there is, or should be, some relation between small pin andrivet design. Fig. 20 
shows the relation between bearing, shear, and bending based on a simple 
case. If the bending is only half as much as assumed in Fig. 20, it still appears 
to be a very important factor. The tests reported in the paper indicate that 
a decrease in strength can be expected as the grip increases, but the tests 
have a very limited variation of grip. Fatigue tests at the University of 
Illinois support this conclusion. German fatigue tests have developed breaks 
in bending. 

The writer suggests that the specifications on long rivets be made more 
conservative; for example, ‘‘Rivets (long rivets) subjected to calculated stress 
and having a grip in excess of two diameters shall be increased in number at 
least 16% per inch of grip.” Tests to isolate this problem should be relatively 
simple. 

In Fig. 20 it appears that, for thin plates, bearing is important. These 
tests were made on relatively thick plates so that bearing for thin plates was 
not revealed. There appears considerable evidence that the allowable bearing 
stress can be quite high. It is probable that the rivet heads confine and assist 
the joint by distributing the load over a larger area. 

End Distance.—The tests reported in the paper did not indicate much need 
for greater end distances, but these tests were for relatively thick plates. One 
proposed specification calls for the end distance, or edge distance, to be such 
as to give an area equal to the shearing area of the rivet. It appears reason- 


| Nortr.—This paper by Raymond E. Davis, and Glenn B. Woodruff, Members, Am. Soc. C. E., and 
Harmer E. Davis, Assoc. M. Am. Soc. C. E., was published in May, 1939, Proceedings. Discussion on this 
paper has appeared in Proceedings, as follows: September, 1939, by Messrs. Charles F. Goodrich, Frederick 
P, Shearwood, and Jonathan Jones. 
20 Associate Bridge Engr., State Diy. of Highways, Bridge Dept., Sacramento, Calif. 
20@ Received by the Secretary August 14, 1939. 
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able to demand that this area be maintained between rivets to prevent tearing. 
Proposed: ‘‘The pitch should not be less than the end distance plus one-half 
the diameter of the hole.”’ 

Pitch—tIn the “B” series, where full-row riveting was used, there is an 
indication that the maximum efficiency can be obtained when the pitch is 
two-thirds of the gage. This point can possibly be explained by the distribu- 
tion of the Lueders lines. If the lines are at 45°, then with the pitch two- 
thirds of the gage, the maximum stress lines will fall between rivets and not 
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through them. Photo-elastic studies should indicate the most efficient rivet 
pattern and the effect of pitch and gage on the stress in the plates. 

Net Section —These tests raised a large question about net section. Under 
the heading “‘Conclusions from Tests: Net Section” the following statement is 
made: ‘‘The experimental results bore no consistent relation to the specifica- 
tion requirements for determining net section.” ; 

The writer concurs that the tests do not agree with common practice and © 
methods as shown in textbooks. However, net section, as used in the analysis 
of these tests and common practice, appears to be contrary to a strict inter- 
pretation of present specifications, which state that: ‘“‘The net section shall 
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be the least area which can be obtained by deducting from the gross sectional 
area, the area of holes cut by any straight or zigzag section across the member, 
etc.” If the foregoing specification permits the protection of the net section ° 
by omitting rivets in the first row, then the specifications need revision. 

The grooving effect is important when full-row riveting is used. Why not 
take advantage of this property and use the nominal diameter of the rivet 
when the holes are subpunched and reamed? 


TABLE 26.—Comparison or Protrectep Net ArgA AND Least Nur Ara 


Ner Aruna, In SQuARE INcHES UrzmmarTE Seer Cone at 
Specimen 
(see Sei 3, 2 
an east 
Protected area* Least areat Protected net area net Coupee 
area 

CCC2-2-1 6.96 5.94 57.3 67.0 69.6 
@CC2-2-2 6.93 §.92 56.3 65.9 69.6 
CCC2-3-1 6.94 5.92 55.9 65.5 68.2 
CCC2-3-2 6.95 5.94 56.3 65.8 68.2 
CCC2-4-1 6.93 5.91 57.7 67.6 69.4 
CCC2-4-2 6.87 5.87 58.7 68.7 69.4 
CCC2-5-1 (ee 6.12 59.7 69.7 70.0 
CCC2-5-2 718 6.13 57.1 66.8 70.0 
CCC2-6-1 7.13 6.08 58.9 68.9 69.9 
CCC2-6=2 7.16 6.10 58.2 68.3 69.9 
CCC5-1 5.89 6.13 71.8 69.0 67.9 
CCC5-2 5.91 6.14 69.9 67.2 67.9 
CCC7-1 4.77 5.10 74.6 69.9 67.9 
CCC7-2 4.79 5.13 75.2 70.1 67.9 
DCC2-3-1 11.68 9.97 59.2 69.3 67.7 
DCC2-3-2 11.71 9.99 60.0 70.3 67.7 
DCC2-4-1 11.77 10.03 59.6 69.9 68.1 
DCC2-4-2 11.76 10.03 59.4 69.6 68.1 
DCC2-4-3 11.74 10.02 60.5 70.8 68.1 
DCC2-4—4 11.76 10.03 61.0 71.5 68.1 
DCC2-5-1 11.63 9.97 59.0 68.8 67.7 
DCC2-5-2 11.65 9.95 59.7 69.8 67.7 
DCC2-6-1 11.58 9.88 57.8 67.7 67.2 
DCC2-6-2 11.60 9.90 59.0 69.2 67.2 
DCC5-1 9.28 9.67 70.5 67.7 67.6 
DCC5-2 9.29 9.67 12.2 69.4 67.6 
DCC7-1 8.18 8.72 76.3 71.6 67.8 
DCC7-2 8.18 8.72 76.0 71.3 67.8 
FSCA-1 12.37 10.73 76.1 87.7 91.5 
FSCA-2 12.46 10.81 76.8 88.5 91.5 
FSCB-1 24.82 21.55 74.7 86.0 91.9 
FSCB-2 24.86 21.58 74.2 85.6 91.9 
FSCC-1 37.07 32.18 72.7 83.7 91.8 
FSCC-2 36.90 32.02 71.2 82.1 91.8 
FSCD-1 24.76 21.51 72.0 82.8 90.4 
FSCD-2 24.89 21.60 73.0 84.0 90.4 
FSCE-1 36.15 31.40 74.7 86.1 92.5 
FSCE-2 36.93 32.05 72.4 83.4 92.5 
FSCF-1 36.87 32.00 70.4 81.2 90.3 
FSCF-2 37.13 32.22 72.9 84.0 90.3 


* Protected net area is the first row net area as used in the tests. 

{ The least net area is based on the nominal diameter of the rivet, deducting one hole for each gage line. 

Table 26 gives the ultimate strengths based on the nominal diameter of the 
rivet, one hole being deducted for each gage line, resulting in the least net 
section obtainable. It is found that the least net section is in fair agreement 
with the ultimate strengths based on mill coupons. A study of the data from 
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the tests by E. L. Gayhart® at the Bureau of Standards also gives more reason- 
able results when based on the least net section. 

One very desirable quality of any specification is a basis upon which the 
ultimate strength can be predicted, The present tests do not have large 
riveted joints with full-row riveting and it seems desirable to perform these 
tests before the specifications limit the riveted joints to 75% efficiency. A set 
of comparable butt-welded joints might also be worthy of consideration. 

Proposed: ‘In calculating the-required net section of riveted tension mem- 
bers, net sections shall be used in all cases; and in deducting rivet holes, the 
holes shall be taken as: (a) 7g in. larger than the nominal diameter of the rivet 
for punched holes; (b) the nominal diameter of the rivet for reamed or drilled 
holes. In determining the net width, one hole shall be deducted for each 
gage line,’” 

Transverse Shear.—In regard to the findings on transverse shear on the 
rivets, the tests indicate many coarse square fractures with very little reduction 
of area. If there is transverse shear on the rivets, there must be transverse 
tension in the main plates and compression in the cover plates. These stresses 
probably contributed to the curling and buckling of the plates. The combined 
stress appears to have caused the square breaks. The question might be put: 
- “What is the effect on yield, ultimate strengths and reduction of area if the 
lateral contraction is restricted?” 

The tests seem to indicate the desirability of using full-row riveting, short 
compact joints, and ductile materials. 

It appears that a co-ordinated program of tests should be undertaken and 
then a uniform specification written. 


W. M. Wiuson,# M. Am. Soc. C. E. (by letter).24°—To the writer, the two 
most important conclusions from the tests given by the authors are: 


(1) The ultimate strength of a large group of driven rivets equals, approxi- — 
mately, the sum of the strengths of the individual rivets; and, 

(2) Omitting alternate rivets from the outside row of a group of rivets, or 
increasing the transverse distance between the rivets, does not add greatly to 
the effective net section of a riveted tension member. Conclusion (1) is 
reassuring and highly gratifying. Conclusion (2) has been indicated by other 
tests, and will be the subject of the present discussion. 


The specifications most used in the design of American steel bridges contain 
rules for determining the effective net section of riveted tension members. 
These rules assign considerable importance to the relation between pitch and 
gage if some rivets are omitted from the outside row and do not recognize the 
effect of the transverse spacing of the rivets upon the unit strength of the 
section through the rivet holes. (The outside row of rivets of a joint corre- 
sponds to the outside row of a gusset plate in the case of a riveted tension 
member connected to a gusset plate.) This is true although there has been a 


‘An Investigation of the Behavior and of the Ultimate Strength of Riveted Joints Under Load,” 
by IE. L. Gayhart, T'’ransactions, Soc. of Naval Architects and Marine Engrs., Vol. 34, 1926, p. 55. 


21 Research Prof., Structural Eng., Univ. of [linois, Urbana, Tl. 
21a Received by the Secretary September 18, 1932. 
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considerable quantity of experimental data available for several years, indi- 
cating that the ratio of pitch to gage for staggered rivets is a minor factor and 1 
that the transverse spacing of the rivets is a major factor affecting the strength 
of riveted tension members. The tests reported in this paper are of value in 
that they add to the accumulating evidence that present specifications are in 
error in both of these respects. : 

The writer has searched American literature to obtain experimental data to 
be used in a study of the effective net section of riveted tension members such as 
are used for truss members of steel bridges. With a few exceptions, the tests 
included in this study comply with the following requirements: (1) The width 
of the specimens varied from 13.5 in. to 22.5 in., inclusive; (2) the strength 
of the plate material as given by tests of standard control specimens was 
reported; (3) the specimens failed in the plate; (4) the specimens had either 
fin. or 1-in. rivets; and, (5) the joints were generally in accord with what is 
accepted as good design practice. However, there were the following exceptions 
to the requirements: One specimen was only 10 in. wide; four specimens failed 
in the rivets but at a plate stress that made the tests of value. Forty-nine tests 
reported by four investigators complied with these requirements, except as 
noted, and have been used in the study (they included eight tests made at the ° 
Watertown Arsenal; twenty-one tests made for the Navy;® four tests by Mr. 
C. O. Harris;* and, sixteen tests made at the University of California and 
reported in the paper being discussed). In addition to the foregoing, a number 
of tests of specimens 9 in. wide, made by Mr. Harris,” have been used in the 
study of the effect of the ratio of pitch to gage upon the effective net section. 
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Preliminary to the formulation of a rule for determining the effective net 
section of riveted tension members, the writer made one study to determine 
the effect of the ratio of pitch to gage on the strength of joints from which some 
rivets were omitted from the outer row, and he made a second study to deter- 
mine the effect of the transverse distance between rivets upon the unit strength 
of the net section. These studies are presented herein. 

The tests used in the study to determine the effect of the ratio of pitch to 
gage upon the strength of a joint from which rivets were omitted from the outer 
eee LS Ee ee SI ee a 


Testa of Metals,”’ 1896, p. 247. 

*“*An Investigation of the Behavior and of the Ultimate piaone of Riveted Joints Under Load,” by 
E. L, Gayhart, Transactions, Soc. of Naval Architects and Marine ngrs., Vol. 34, 1926, p. 55. 2 

“Effective Net Section of a Riveted Joint,” by C. O. Harris, thesis presented to the University of 
Illinois in 1930 in partial fulfillment of the requirements for the degree of Master of Science. 
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row include those made by Mr. Harris, some made for the U. 8. Navy, and 
some made at the University of California. The tests made by Mr. Harris, 
and the details of the joint, are shown in Fig. 21. Two series of tests of riveted 
joints are reported: For one the holes in the plates were punched (Curve (3)), 
and for the other the holes were drilled (Curve (2)). A third series of tests was 


made by Mr. Harris for which the specimens were plates without joints, but — 


with open holes of the same pattern as the rivets of the specimens with riveted 
joints. The results of these latter tests are shown by Curve (1) in Fig. 21. 
Tests were made in duplicate for each series and the small circles represent the 
average of the results of tests on duplicate specimens. The ordinates of the 
diagrams represent the ultimate load and the abscissas represent the ratio of the 
pitch to the gage. The strength of the plate material was determined by tests 
of standard control specimens for all of Mr. Harris’ tests, and the ultimate 
strength for all specimens has been adjusted to a common plate strength of 
57 000 lb per sqin. It is to be noted that the plates with open holes tested by 
Mr. Harris were stronger than the plates connected with rivets. The relation 
between the strength and the stagger, as computed by the American Railway 
Engineering Association specifications, is given in Curve (1), Fig. 21. 

Tests made for the U. S. Navy by E. L. Gayhart,* and used in this study, 
' include six each with the rivet patterns shown in Table 27. Each group of 


TABLE 27.—InFivENnce or Revation or Pirce to Gace Upon EFFECTIVE 
Net Section or Riverep Tpension Member; Trusts ror Navy 


BX 
Plate 2 
" in " , aa var 
Ty 4@ 43'=18 aE 223° x7" Strap aes te 
4 201! 4 >| 4 22" 
TYPE B TYPED 
2 Typr B Trps D 
6 
i D ipti 
g Senso Me- High- Me- High- 
ee dium test dium test 
steel steel steel steel 
1 | Maximum load, in pounds. . : .....| 824 000 | 1 089 000} 853 000 | 1 wr 000 
2 | Stress on gross section, in pounds per square ‘inch. -.+2| 50.200. 65 960} 52 690 4 O10 
3 | Strength of control specimen, in pounds per square ‘ineh.. 59 760 80 740) 64975 £0 320 
4 | Effective net area, by test, in square inches, . ? 13.79 13.49 13.13 13.11 
5 | Net Section by American Railway Engineering ‘Association 
specifications, in square inches......-.....++--+seeees 12.31 12.38 13.58 13.80 
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six specimens included three with carbon-steel plates and three with low-alloy 
plates. For the specimens with carbon-steel plates, the efficiency of the joints, 
the average of three tests in each instance, was 0.84 for Type B and 0.81 for 
Type D. For the specimens with 
low-alloy plates the corresponding 
efficiencies were 0.82 and 0.80. That 
is, changing the pitch from 0 to 2 
of the gage decreased the efficiency 
of the joint only about 3 per cent. 
(The term efficiency as used herein 
is the ratio of the ultimate strength 
as determined by test to the product 
of the gross area of the section and 
the unit strength of the control 
specimen.) 

Two series of tests made at the 
University of California, and re- Carbone 
ported by the authors (Specimens oT A cal Plate 
No. CCC2 and DCC2, Fig. 2 and 3 RS aera ee 
Table 5), had the rivet pattern shown AER 
in Fig. 22. The plate thickness : 
was § in. for Specimen CCC2 and 3 in. for Specimen DCC2. The pitch, x, had 
values of 2 in., 3 in., 4 in., 5 in., and 6 in. for CCC2, and 3 in., 5in., and 6 in. 
for DCC2. The values of the efficiency of the joints for the various values 
of x were as shown in Table 28. Itis to be noted that varying x produced no 
large or consistent change in the efficiency of the joints. 
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Steel Rivets 
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TABLE 28.—InFrLuENCE or RELATION oF PitcH To Gace Upon EFrective 
Ner Section or Rivetep TENSION MEMBERS. 
Tests at UNIVERSITY OF CALIFORNIA 


is Specimen CCC2 Specimen DCC2 
5 Description 
= @=2)eo=3 |e =4)r7=5 |e =6|2=3 | 2 =5 | t =6 
inches | inches | inches | inches | inches | inches | inches | inches 

1 | Ultimate load, in thousands 

of pounds per square inch.| 399.0 388.0 400.0 428.0 420.0 691.0 686.0 669.0 
2} Stress on gross section, in 

pounds per square inch...| 51.2 49.9 51.5 53.3 52.6 52.9 52.7 51.6 
3 | Strength of control specimen, 

in pounds per square inch.| 67.7 67.0 66.7 67.5 68.5 65.8 65.6 65.1 
4 | Effective net section, by test, 

in square inches.......... 5.89 5.79 6.00 6.34 6.13 10.50 10.46 10.28 
5| Net section by American 

Railway Engineering As- 

sociation specifications, in 

Square inches... 20.0.5... 6.08 6.52 6.93 revs 7.13 10.97 11.62 11.57 
MOLE OYE, oye ofe.a = ciwyc.2s «wile 0.756] 0.745} 0.772] 0.790} 0.768] 0.804} 0.803] 0.793 


The results of the three independent investigations,® *5 agree in one impor- 
tant respect: The strength of riveted joints, with some rivets omitted from the 
outer row, is not greatly affected by the ratio of the pitch to the gage. 
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In the study to determine the effect of the transverse distance between rivets 
on the unit strength of the net section of the plates, only two types of joints were 
included: (1) Joints with no rivets omitted from the outer row; and (2), joints 
with some rivets omitted from the outer row but only those which had a pitch 
equal to, or greater than, the gage. They included tests from all four investi- 
gations. The relation between the ratio, se and 

trength of control specimen 
the transverse distance between rivets is shown by the small circles of Fig. 23. 
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The numeral adjacent. to each circle indicates the number of tests of identical 
specimens averaged. The study includes twenty-eight tests and a variation in 
gage from 27 in. to 8in. The points marked A and B are for specimens that 
failed in the rivets. It is apparent from Fig. 23 that the unit strength of the 
net section of a riveted tension member is greatly affected by the transverse 
distance between the rivets. 

In view of the discussion contained in the previous paragraphs, it appears 
that any rule for determining the effective net section of a riveted tension 
member should take into consideration the net section through the outer row 
of rivets and also the transverse distance between rivets. Furthermore, it 
would appear unnecessary to consider the effect of minor variations in the 
ratio of the pitch to the gage for joints with rivets omitted from the outer row. 
With these ideas in mind the following empirical rule for determining the 
effective net section has been developed. 

The effective net width (W,) of a riveted tension member is given by the 
equation 


W, = (Wy ND)(1+]) 0.85 kote ae a) 
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in which W, = gross width of the member; D = nominal diameter of the rivet ~ 
plus } in.; N = number of rivet holes to be deducted; and, G = transverse 
distance between rivets, or two times the edge distance, whichever is the © 
greater. 

If rivets are omitted from the outer row, NV and G shall be determined by 
the rivets in the outer row provided the pitch equals or exceeds 0.80 of the 
gage; otherwise the intervening rivets in the second row and all of the rivets 
in the outer row will be considered in determining N and G, 

Equation (4) is composed of two parts: One is the actual net width, and the © 
other is a factor to compensate for the effect of the transverse distance between | 
Unit strength of net section 


’ Unit strength of control specimen’ Values ob sii 


rivets upon the ratio 


factor for various values of ss are shown in Fig. 24. 


The proposed rule for determining the effective net section of riveted 
tension members has been applied to the forty-nine tests of the four investi- 
gations cited® * *3 at the beginning of this discussion and the results are 
presented in Table 29. In this table, Column (5) contains values of G de- 
termined in the manner described in the preceding paragraphs. Column (6) © 
gives the efficiency of the joint, the efficiency being the ultimate load, as 
determined by test, divided by the product of the gross area and the unit 
strength of the control specimen. Column (7) gives the effective net section 
as given by test, this being the ultimate strength, as given by the test, divided — 
by the unit strength of the control specimen. Columns (8) and (9) give the ; 
computed values of the net section, the former being by the A. R. E. A. specifi- | 
cations for railway bridges and the latter by the proposed specifications. | 
Columns (10) and (11) give the ratios of the computed to the test values of the 
net section, the former being for the A. R. E. A. specifications and the latter for 
the proposed specifications. A value greater than unity indicates that the 
computed value exceeds the value determined by test. A perusal of the values 
in Columns (10) and (11) reveals the agreement between the computed values 
and the values determined from tests. 

It is of interest to note that the largest value of R given in Column: (10) is 
1.149, in Line 21, and the smallest value is 0.820, in Line 15, indicating that the 
A. R. E. A. specifications gave a value for the net section 15% too great for one 
specimen and 18% too small for another specimen. The largest value of Ri 
given in Column (11) is 1.061, in Line 21, and the smallest value is 0.928, in 
_ Line 15, indicating that the maximum difference between the two values, one 
given by the proposed specifications and the other by the tests, is only 7 per cent. 
It is to be noted further that, in general, the proposed specifications give a value 
more nearly equal to the value given by tests than do the A. R. E. A. specifi- 
cations. Moreover, the proposed specifications penalize the bad practice of 
using an extremely large transverse spacing of the rivets and large edge distances 
in the outside row of rivets, expedients which, according to A. R. E. A. specifi- 
cations, result in a high efficiency but which, according to tests, resulted in 
little, if any, increase in efficiency. 
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In the proposed rule, G is defined as the transverse spacing, or two times the 
edge distance, whichever is the greater. If the transverse spacing varies, the 
widest space, or two times the edge distance, is to be used. 


TABLE 29.—Errective Net Section or Riverep Tension MEMBERS; 
CARBON-STEEL RIvETS AND CARBON-STBEL PLATES 


Nominat DiMen- Ner Sgcrion, nN 
SIONS, IN INCHES Square INcHms BY: 
No. of 7, A i 
Benel tests OSS jel ot Berle! R=(8) |R1=(9) 
No. | aver- ; i Gey a ee CDOT Engi- | Pro- +(7) | +(7) 
aged | Thick- | Diam- inches | of joint met po: 
ness of | eter of Tests este Peed 
plate rivet peg HOGS 
lon cations 
specifi- 
cations 
@) |} @) (3) (4) (5) (6) (7) (8) (9) (10) (11) 
(a) Watertown ARSENAL TESTS 
1 a 0.50 0.875 6.75 0.802 5.40 5.73 5.10 1.061 0.945 
2 1 0.50 0.875 5.00 0.835 4.10 3.93 4.01 0.959 0.977 
3 1 0.50 0.875 5.00 0.855 6.03 5.64 5.75 0.935 0.954 
4 1 0.50 0.875 6.75 0.853 8.47 8.46 8.24 1.000 0.973 
5 1 0.50 0.875 6.75 0.825 8.32 8.93 8.38 1.073 1.007 
6 1 0.50 0.875 10.00 0.785 8.41 9.33 8.51 1.109 1.012 
4 2 0.50 0.875 5.00 0.873 6.48 6.38 6.06 0.985 0.934 
(b) U. S. Navy Tursts 
8 3 0.75 1.000 4.50 0.850 14.04 12.39 13.16 0.883 0.937 
9 3 0.75 1.000 4.50 0.840 13.79 12.31 13.08 0.893 0.948 
10 3 0.75 1.000 4.50 0.823 13.29 12.11 12.86 0.911 0.968 
11 3 0.75 1.000 4.50 0.811 13.13 13.58 12.90 1.034 0.982 
12 3 0.75 1.000 4.50 0.809 13.01 13.47 12.81 1.035 0.984 
13 3 0.75 1.000 4.50 0.851 13.72 13.54 12.86 0.987 0.937 
14 3 0.75 1.000 4.50 0.843 13.86 13.79 13.09 0.995 0,945 
(c) Tests By C. O, Harris 
15 2 0.625 0.875 3.00 0.812 12.20 10.00 11.32 0.820 0.928 
16 2 0.625 0.875 8.00 0.813 9.64 10.00 9.55 1.037 0.990 
(d) University or CALirorniA Tests 
17 2 0.375 1.000 3.00 0.708 5.52 4.78 5.58 0.866 1.010 
18 2 0,625 1.000 3.00 0.735 10.22 8.70 10.16 0.851 0.994 
19 2 0.375 1.000 5.00 0.783 6.31 5.90 6.14 0.935 0.973 
20 2 0.625 1.000 5.50 0.797 10.20 9.28 9.49 0.910 0.931 
21 3 0.375 1.000 13.00 0.777 6.16 7.08 6.54 1.149 1.061 
22 1 0.375 1.000 5.00 0.756 5.89 6.08 5.93 1.032 1.007 
23 1 0.375 1.000 5.00 0.745 5.79 6.53 5.92 1.128 1.023 
24 2 0.625 1.000 13.00 0.798 10.37 11.60 10.71 1.119 1.035 
25 1 0.625 1.000 5.00 0.804 10.50 10.96 9.94 1.044 0.947 


If all of the transverse spaces are equal and if the edge distance is one-half 
of the transverse spacing, the net section can be expressed as a fraction of the 
gross area and the value of the fraction depends only upon the ratio of G to D. 
iufisctivemebcotion, and the ratio Gig iven in 

Gross section p& 

Fig. 24(b). It is apparent from this diagram that the efficiency of a joint does 


The relation between the ratio 
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not increase appreciably with an increase in the transverse spacing beyond a 
value of G = 6 D. ‘ 

The authors have drawn the conclusion that the efficiency of a riveted — 
tension member does not greatly exceed 75%, irrespective of the transverse 
spacing of the rivets. If a different rivet pattern had been used for the joints 
with a large transverse spacing, it is believed that a different conclusion would | 
have resulted. All of the specimens with a large transverse spacing that were © 
tested by the authors had no rivets at the ends of the outside row, and the edge 
distance was abnormally large for the weakest section of the main plate. 
Thus, for Specimens CCC2 and DCC2, shown in Fig, 22, the edge distance for ~ 
the outside row of rivets is 6.5 in. Geometrically, this is equivalent to a © 
transverse rivet spacing of 13 in., whereas, for the interior rivets of the outside — 
row, the spacing is only 8in. Moreover, the authors report in another part of | 
the paper that, beyond the yield point, the unit longitudinal strain in a wide © 
plate is greater over the middle than it is at the edges. ‘This being true, the — 
harmful effect of placing the rivets on the weak section near the mid-width ~ 
accentuates the harmful effects of a wide edge distance. This statement is 
supported by the tests reported in Table 29, which are discussed in the following © 

paragraphs. 
j The only specimens for which the value of the effective net section de- ~ 
termined by the proposed specification exceeds the value given by the tests is _ 
for those tests reported in Lines 5, 6, 17, 21, 22, 23, and 24, Table 29. 

The details of the specimen used in the test reported in Line 5 are shown 
in Table 30 (Specimen 8510). The edge distance is 33 in. The proposed 
specifications give a value for the effective net section 0.70% greater than the 
value given by the test. 

The details of the specimen used in the test reported in Line 6 are also © 
given in Table 30 (Specimen 9375). The edge distance is 5in. The proposed 
specifications give a value for the effective net section 1.2% greater than the 
value given by the tests. 

The specimens used in the tests reported in Line 17, Table 29, had a close 
spacing and a small edge distance; but the fact that the computed value of 
the effective net section exceeded by 1.0% the value given by the tests is 
accounted for by the fact that the failure of the specimens was due to the 
shearing of the rivets and not by a failure of the plate. All other specimens 
for which the computed value of the effective net section exceeded the test 
value had the same rivet pattern as the specimens of Fig. 22. That is, the 
few instances in which the computed value of the effective net section exceeded 
the test value can be accounted for by the fact that the edge distance was 
large for the outer row of rivets. 

The specimens shown in Table 31 have practically the same transverse 
spacing of rivets, but Specimens DCC2 have two rivets near the middle of the 
outer row, whereas Specimens of Type F have one rivet at the center and one 
at each end of the outer row. The computed and test values of the efficiency 
are equal to each other and equal to 0.80 for Specimens DCC2, whereas, fo 
Specimens of Type F, the computed efficiency is 0.80 and the value determined 
from the test is 0.85, the values being the averages from three tests in each 
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instance. That is, although the computed value of the effective net section 
for Specimens DCC2 is reduced because of the large edge distance, the computed 
value is still greater, relative to the test value for these specimens, than it is 
for the specimens of Type F, which have a small edge distance. 

The fact should be noted, however, that the specimens used for the tests 
reported in Lines 1, 2, 3, and 4, Table 31, had edge distances equal to one-half 
the transverse spacing and yet they developed an effective net width somewhat 
greater than the computed value. 


TABLE 30.—SrrenerH or Riverey TENSION MEMBERS FOR WHICH THE 
Ener Distance or THE Rivets IN THE OvuTsipE Row 1s EXcuHssivE 


22" 


2 Benteeet 78 
20.27" x 
pu" ; mi, peat Bink a Fu 20.04" x2" 
16 3 ye 2! - 
Be Sates 20.27" x2" Plate : ae 
20,25" + 20"'+ » 
SPECIMEN 8510 SPECIMEN 9375 
Joint Failed in Plate, Holes Drilled Holes Drilled 
Item Ade Specimen Specimen 
INTO: Description 8510 9375 
1 | Maximum load, in pounds................. eileen sie Co pears eect one 503 970 502 200 
2 Stress on gross section, in pounds per square inch . Dorn ogs cae noe 49 960 46 900 
3 | Strength of control specimen, in pounds per square inch............ 60 550 59 700 
4 Effective net section, by test, in square inches .............-..- oer: 8.32 8.41 
5 Net section by American Railway Engineering Association specifi- st 
HORA ga Nakare ote cicinva fei crs s SRC IE Mel Rls ool bee 8.93 9.33 


As a result of the analysis of the data contained in Table 29, the following 
rules for the design of riveted tension members are submitted for the considera- 
tion of the profession: 


Ruled. | Effective net width= (W, —.N D) (1 ms Gq) 085. 


Rule 2. The edge distance shall not exceed 2.5 D for the outer row of 
“ivets. 


In the foregoing equation (Rule 1): W, = gross width of the member; 
NV = number of rivet holes to be deducted; D = nominal diameter of the 
‘ivets plus } in.; and G = transverse distance between rivets or two times the 
sdge distance, whichever is the greater. 
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For joints with rivets omitted from the outer row, only rivets in the outer 
row are to be considered in determining N and G, provided the pitch equals or 
exceeds 0.80 of the gage; otherwise all rivets in the outer row and the inter- | 
vening rivets in the second row should be considered in determining N and G. 


TABLE 31.—INFLUENCE or Encr DisTaNcre or RIVETS IN OUTSIDE Row 
Upon STRENGTH OF RIVETED TENSION MrEMBERS 


1" Rivets 


223" x2" Plate | 


si 


oi 

4@ 42" =18" Z 
*- 
224 


4@4"=16" g Plate 
21" 1'' Carbon- 
Steel Rivets 
SPECIMEN DCC2 TYPE F 
Carbon-Steel Plates Holes Holes Drilled 
Sub-Punched and Reamed 
Sppcrmen, 
S$ Specimen DCC2 Typr F 
qi 
F| Description | 
2 2=3)2 =5)2 =6 
inches | inches | inches 


AMMO rmate Loads ian KAS fay ai+icisiec els 3. «fhe 0 a)sielalvta, opayeiatorerc vena 691.0 | 686.0. | 669.0 | 902.0 |1 113.0 
2 | Stress on gross section, in kips per square inch.......... 52.9 52.7; 51.6 55.9 Ee) 
3 | Strength of control specimen, in kips per square inch....| 65:8 65.6 65.1 

4 | Effective net section, by test, in square inches.......... 10.50] 10.46] 10/28 

5 | Net section by American Railway Engineering Association 


specifications, in square inches...............+.0e0-5 10.97} 11.62] 11.57 


In the preceding discussion it has been assumed that the weakest section 0 
a riveted tension member is through the outside row of rivets of the gusset plate 
at the ends of the member. The writer knows of no published reports ot 
tests of riveted tension members with stitch rivets, but the tests of plates witl 
holes by Mr. Harris, reported in Fig. 21, indicate that an open hole does not 
weaken a plate as much as a rivet transmitting stress. It is not reasonabl 
to suppose that a stitch rivet weakens a plate more than an open hole. [I 
would seem reasonable, therefore, that the foregoing rules of design, which 
are applicable where the rivets transmit stress, give conservative results wher 
the rivets do not transmit stress but only serve as stitch rivets. The onl; 
probable exception to this statement is where stitch rivets are_used to connec 
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two parallel pieces of steel having widely differing stress-strain diagrams. 
Under this latter condition one piece, because of its lower ductility, might 
break before the other had been stressed to its ultimate strength. This con- 
dition is not likely to occur in a member fabricated of a carbon steel of struc- 
tural grade because the part of the stress-strain diagram near the maximum 
stress is nearly horizontal for a considerable length. However, the behavior, 
under similar conditions, of a member fabricated from parallel pieces made of 
a steel which is not uniform in its physical properties is somewhat uncertain. 


J. M. Garretts,* Assoc. M. Am. Soc. C. E. (by letter).*4“—The engineering 
profession is indebted to the engineers of the San Francisco-Oakland Bay 
Bridge who provided for this important series of tests, and to those who were 
responsible for making the tests and analyzing the results. As has been advo- 
sated by some consulting engineers, a series of well-planned tests, made in 
sonnection with the important structures which are built, would soon yield 
valuable information concerning the behavior of structures. 

The fact that under different stresses ‘‘the plates in a riveted joint tend to 
slongate by unequal increments” is important and should be used in the analysis 
of many structural problems as well as in that of the riveted joint. As allow- 
able unit stresses increase, structural design must be placed on a more scientific 
oasis. The structural designer must be aware of the many indeterminate 
actors that affect the action of a structure and must have some knowledge of 
she influence of those factors, 

In order to determine the effective net section and the effect of end pitch, 
dditional data are needed concerning the behavior of plates with open holes 
inder stress. The lines of fracture for the specimens shown in Figs. 6 and 7 
ll appear to originate in the regions of high stress concentration. When a 
sondition of plastic yielding is reached, a redistribution of stress takes place, 
jut initial fracture may occur in the region where yielding first occurs. If stress 
soncentration at the edges of a hole has any bearing on the initial fracture, 
t is quite probable that the present ideas concerning net section need to be 
evised. The writer is of the opinion that, by additional study and tests, a 
ational analysis may result. In the meantime, the authors’ recommendations 
ippear to represent a reasonable procedure. 

In view of the uncertain action of the riveted joint in Stage II, the authors’ 
ecommendations for assuming equal shear per rivet seem fully justified and no 
idditional refinement is likely to result from further tests. 


*% Associate Prof., Civ. Eng., Columbia Univ., New York, N. Y. 
*12 Received by the Secretary September 18, 1939. 
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DISCUSSIONS 


LARGE CORE DRILLS AID CONSTRUCTION 
AT CHICKAMAUGA DAM 


Discussion 


By J. B. NEwsom, Esq. 


J. B. Newsom,? Esa. (by letter).29—Most engineers do not understand tha 
drills which will bore holes large enough for a man to enter can be used in anj 
ground, from the loose water-bearing ground containing some boulders de= 
scribed in the paper, to the hardest rocks known to the mining industry. 
the work described, it was necessary to use casing. Diameter was lost every | 
time it was placed, so that a hole which started 4 ft in diameter might be 3 ft | 
in diameter at the bottom. In boring a hole 1125 ft deep in California it 
1935,’ the hole went through heavy ground and gouge which had to be sup 
ported without losing size. This was accomplished satisfactorily by using a 
expanding steel form, behind which quick setting concrete was packed. Thes 
large drills are capable of higher development and have a much wider field 
possible usefulness than is generally recognized. 

Norn.—This paper by James §. Lewis, Jr., Assoc. M. Am. Soc. C. E., was published in June, 193! 
Proceedings. This discussion is printed in Proceedings in order that the views expressed may be broug! 
before all members for further discussion of the paper. 

2 With Idaho Maryland Mines Corp., San Francisco, Calif. 

2« Received by the Secretary August 14, 1939. 


3“Shaft Sinking with a Shot Drill, Idaho Maryland Mine, Grass Valley, Calif.,” by J. B. Newsom ani 
C. F. Jackson, U. 8. Bureau of Mines Information Circular 6923. 
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DISCUSSIONS 


STRESS DISTRIBUTION AROUND A TUNNEL 


Discussion 


By Messrs. W. O. RICHMOND, AND JACOB FELD 


W. O. Ricumonp,”* Esq. (by letter).24—The stress distribution due to 
gravity in a semi-infinite elastic body pierced by a circular hole is an interesting 
problem and the author’s treatment of it is a complete one. The application 
of the results in practise depend, of course, upon the accuracy with which the 

assumptions are fulfilled. If the shape of the tunnel is other than circular (as 
it often is), a mathematical solution is practically impossible and recourse must 
be had to experimental methods. 

An interesting experimental approach to this problem was developed by 

Mr. 8. Yamaguti,”2 whose method consisted of casting a flat plate of agar-agar 
in a horizontal position. A network of lines was placed on the plate, and a hole 
was cut, of a shape appropriately representing the tunnel profile. When the 

‘model was placed in a vertical position, the strain in the material due to its own 

weight could be measured from the distortion of the originally parallel lines, 
and hence the stresses could be determined. For a round tunnel profile Mr. 

Yamaguti obtained good agreement between his mathematical solution and the 

results of his model test. 

Mr. Yamaguti’s method of test reproduces the author’s Case II with the 
appropriate value of Poisson’s ratio for agar-agar. The author’s Case I could 
also be reproduced by this method. It would only be necessary to cast the 
agar-agar plate in a vertical position, so that the stress distribution in the un- 
pierced plate would approximate a hydrostatic pressure. 

A second experimental approach to the problem is by the method of photo- 
elasticity. If the tunnel profile is some distance below the surface, the stress 
distribution may be obtained approximately by the method of superposition, as 
stated by the author, Assuming that the original stress distribution is as 


Norw.—This paper by Raymond D. Mindlin, Assoc. M. Am. Soc. C. E., was published in April, 1939, 
Proceedings. This discussion is printed in Proceedings in order that the views expressed may be brought 
before all members for further discussion on the paper. 

21 Asst. Prof. of Mech. Eng., Univ. of British Columbia, Vancouver, Canada. 

21a Received by the Secretary June 15, 1939. 

2‘‘On the Investigation of the Stress Distribution in a Tunnel with Agar-agar Model Experiments,” 
by S. Yamaguti, Proceedings, Third International Cong. for Applied Mechanics, Vol. II, 1930, pp. 150-154. 
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represented by Case II, for instance, the boundary stress around the profile is 
just determined for a uniform compression in a vertical direction of magnitude. 


Cype a CR AE Se ee ee ee (69) 


in which the symbols used are those of the author in Fig. 2, and cis the distance — 
of the hole from the free surface. The stress on the boundary is then obtained ~ 
by adding the two boundary stress distributions. For a non-circular profile — 
the boundary stresses are most easily determined by photo-elastic tests. 

This procedure is sufficiently accurate if the profile is some distance below — 
the surface. For the case shown in Fig. 4(b) (that is, for a value of Poisson’s | 
ratio of 4% and a, = 2.0), this approximate method gives a'uniform compressive 
stress around the boundary of the tunnel of — 3.76 w D, in which w = density 
of the material, and D = diameter of the circular profile. The maximum 
stress by the author’s computation is — 4.26w D. The error in the approxi- 
mate method is thus slightly more than 10%, which is perhaps accurate enough 
- for practical purposes. Thus, the conclusion may be drawn that if the tunnel 
is more than four radii, or two diameters from the surface, the approximate 
solution obtained by superposition is sufficiently accurate. 

A few years ago the writer (working under the direction of A. Nadai at the 
Westinghouse Research Laboratories) made some photo-elastic tests on holes of 
tunnel profile at the suggestion of F. C. Carstarphen, M. Am. Soc. C. E. The 
profiles tested were squares with various fillet radii at the corners; ue ratio 
of fillet radius, 7, to side of square, D, had the values — a7 => a , and > The 
boundary stress distribution was obtained photo-elastically when the bakelite 
plate which contained the holes was subjected to a pure tension parallel to an 
axis of symmetry perpendicular to the sides of the holes. The stress concen- 
tration factors (that is, the ratio of the maximum stress on the boundary of the 
hole to the stress in the plate a long way from the hole) from these tests are 


TABLE 6.—Srress CONCENTRATION FAcTORS 


Ratio or Fruuer Raprvs, r, To 
THE SIpp oF THH Square, D 


No. Description 
1 1 1 Bl 
2 3 6 12 
1 Stress concentration factor for tension or compression........ 3 2.6 2.5 2.6 
2 Maximum compressive stress on Poundary of tunnel I profile 
(Case, i=) ape eee A eke 3 al) 23% 2.4 2.4 2.5 


shown in Table 6. For the sake of completeness, the case of the circular hole 


in a tensile stress field, for which => is included, the results for which can be 
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obtained by computation.* It is interesting to note that a minimum stress 
concentration factor seems to result for a value of DB of about ; . Thestress con- 
centration factor for a square hole with sharp corners would be theoretically 
infinite. 

The stress distribution around the boundary of tunnels of similar cross- 
section was then computed from the boundary stresses determined by the 
photo-elastic tests. The case solved by the writer was the author’s Case II, 
in which the principal stresses before the tunnel existed were given by Equations 
(69) and (70). The results obtained by this procedure for a value of Poisson’s 


ratio of i are shown in Item 2, Table 6. These results should be sufficiently 


accurate, provided that the tunnel is at least two diameters below the surface, 
that the material in which the tunnel is driven behaves elastically, and that the 
original principal stresses are as assumed. 


Jacos Frup,™ M. Am. Soc. C. E. (by letter).“—For the condition explained 
in this paper—namely, a circular tunnel in a uniform elastic material—Mr, 
Mindlin’s solution is the most complete available. For use in practical cases, 
however, the following items must be taken into account: 


I.—The internal stress in the rock in its natural condition, which stress may 
be relieved in the local vicinity of the tunnel by the removal of the tunnel rock. 

Il.—The percentage of error resulting from the use of the method and for- 
mulas in this paper when rock conditions cannot be assumed as isotropic. It is 
seldom that a tunnel is driven through a uniform granite, which is probably the 
nearest approach to the material assumed in this paper. The more usual cases 
are tunnels driven through laminar rock, such as shales, schists, or limestones. 
It is extremely doubtful whether the stress determinations resulting from the 
formulas in this paper can be applied to a case where a blocky limestone is 
encountered, or, to take a different example, where schist in thin layers, lying 
edgewise to the face of the tunnel, is encountered. 

IlI.—The effect on stresses around the tunnel if temporary bracing is 
wedged against the exposed rock during driving, or the effect on the rock stresses 
as the tunnel is lined with concrete and grouted under pressure; also the effect 
of various grouting pressures in balancing or over-balancing rock stresses. 


In taking the foregoing suggestions into consideration, it might be pertinent 
to consider the assumption made under the heading “Statement of the Problem”’ 
that, at the circular boundary, the normal stress and the shearing stress are 
equal to zero. Such an assumption is not correct when rock is encountered 
which requires bracing to prevent movement. It seems to the writer that in 
the three cases mentioned as covering the initial states of the rock, although 
they cover a great range of possibilities, such range is chiefly in the variation 
of the Poisson ratio in Case II. Case I is that of hydrostatic pressure which 


*%3‘*Theory of Elasticity,” by S. Timoshenko, 1934, p. 75. 
* Cons. Engr., New York, N. Y. 
%a Received by the Secretary August 1, 1939. 


1468 FELD ON STRESS DISTRIBUTION Discussions 


may be applicable at tremendous distances below the earth’s surface in rocks 
that are under such pressure that they are practically liquid, and Case III 
would only apply where a tunnel is driven through blocks of rock with open ver- 
tical seams, which case could not be considered isotropic. With reference to 
Case II and its dependence upon the Poisson ratio of the material, it might well 
be emphasized that such ratio may vary for rocks, depending upon the amount 
of the stress. However, as stated in Mr. Mindlin’s paper, such variation has 
little effect on the stresses themselves, except when the tunnel is unusually close 
to the open surface. It is for such a condition (namely, shallow tunnels) that 
a careful stress analysis is most necessary. 


Se ee 
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Dis CUS SONS 


DESIGN OF A HIGH-HEAD SIPHON SPILLWAY 


Discussion 


By Messrs. B. E. TORPEN, G. E. HYDE, AND R. B. COCHRANE 


B. E. Torpmn,” M. Am. Soc. C. E., G. E. Hypz,4 Jun. Am. Soc. C. E., and 
R. B. Cocurann,” Esa. (by letter).*—The approach to the problem of siphon 
spillway design presented in this paper may prove meritorious. Equation (4), 
dased on the assumption that free vortex flow prevails in the bend of the throat 
ection of a siphon spillway is a simplifying step, and results in doing away with 
he necessity of selecting a “coefficient of ignorance” masked under the name of 
low Coefficient. Therefore, his attempt to rationalize the common procedure 
of design for throat sections of siphon spillways is worthy of commendation. 

Vortex Flow Assumption—Certain questions and doubts arise, however, 
soncerning the soundness of the author’s assumption of vortex flow in siphon 
hroat sections, and concerning the practical application of his formula in the 
lesign of siphon spillways. In an attempt to answer these questions and to 
liminate these doubts, the velocity distributions, as they actually exist in the 
hroat sections of three different siphon spillways were compared, respectively, 
0 the velocity distributions as computed from Mr. Rock’s formula (see Equa- 
ion (10)): 


V= LLB oh” aig) the (11) 
Ts 
T loge — 


[he numerical calculations involved in this comparison are given in Table 3 
ind the results are portrayed graphically in Fig. 4. Table 3 first lists the 
tual operating conditions of the three selected siphons. These data were 


_ Nore.—This paper by Elmer Rock, Jun. Am. Soc. C. E., was published in April, 1939, Proceedings. 
es on this paper has appeared in Proceedings, as follows: June, 1939, by J. C. Stevens, M. Am. 
oc. C, 


10 Prin. Engr., Corps of Engrs., U. 8. A., Bonneville, Ore. 

U.S. Engr. Office, Bonneville, Ore. 

12 Assoc. Engr., Corps of Engrs., U. S. A., Bonneville, Ore. 

12a Received by the Secretary July 25, 1939. 

ae the Behavior of Siphons,”’ by J. C. Stevens, M. Am. Soc, C. E., Transactions, Vol. 99 (1934), 


1470 


TORPEN, ETC., ON HIGH-HEAD SIPHON SPILLWAYS Discussions 


TABLE 3—Comparison BETWEEN VELOCITIES COMPUTED BY THE AUTHOR’S © 


Formuia (Equation (11)) anp AcTUAL VELOCITIES 


Srppon NoumBer* 
Item Description Average 
5 | 6 | vi 
(a) Dara on SELectEep SipHons* 
1 | Discharge Q, in cubic feet per second................. 470.0 250.0 119.0 
Poi Onerating-head HH; mgeet << 4. sas bese cern e horas = 26.4 27.4 28.4 
Dimensions of Throat Section, in Feet: 
3 Wadthy 6% c.a:-5 25 Bot. Lee Akers Si tetas ceedeieea cl tleye 6.03 4.52 2.68 
4 Foight; d 5.276 Sak eee oe Ee ee 2.75 1.77 1.26 
Radius at the: 

5 Crest; 52.0: Saints aa sre peters ote cialace sare 2.12F 2.12F 2.12F 
6 Mid-section, Fie eee et Weihe Me EE 3.50 3.00 2.75 
= Summit, 75... se eee tee ee cece nee 4.887 3.887 3.38T 


SR OSE Talos crt since S 2h ee See EC eo A ote ee cimre ooo 0.833 0.605 0.466 
9 | Discharge per unit width (Qi=Q/b), in cubic feet per 
BOCONG ss 5 ce tee Shoe rae mate Rawat eee eee 8.0 55.3 
Computed Velocities in the Throat Section, in feet per 
second: 
10 Crests Weis- 28 sbicie ran sseaeiis srl e eth iste 44.1 43.2 
11 Mad=sestion SV ag sacri cont fees es Soto ae 26.7 30.6 
12 Summit; Vestine ees eer se etee eo Ebner 19.2 23.6 
(c) Acruat VeLocitras (Ske Equation (12)) 
Hydraulic Heads, in Feet: 
13. Elevation of energy line, BE..........-......--.-- 764.8 765.0 
14 =Ttéms13 —734£.0§ 6 o.ctmnar- Aaa Rites Suse ae 30.8 31.0 
Elevation of points above the crest, at the: 
15 CrestiZer Sh HARES ck Bae ee: 0 0 
16 Mid-neation, Zap... acs. Aceon bees 1.375 0.885 
17 tamil, Zecitits< 2 oe ERE Ce oe 2.75 1.77 
The ratio p/w,|| at the: 
18 CLESG i raclstatee «08 Meee site Aaja ze ce —28.8 —24.3 
19 eee o Fye tet aks cies as Chace mer —14.3 —14.2 
20 =10.7 —9.6 
Velocity See T at the: 
21 Greati. 55%. oi Sen ete rete tera te aye 26.6 22.3 
22 Mid-section . 10.7 11.3 
23 PSWTRATIAT He. oon a acy ae eds ax ajc mycoses ot 5.8 5.8 
Actual Throat Neleoises; # in Best 3 Per Seg 
24 Crest, Ve ae 41.4 37.9 
25 Mid-seotion, Var. Rafe) Someete Sete e tae oie 26.2 27.0 
26 Summit, e 19.3 19.3 
(d) Comparison oF AcruAL VELOCITIES wiTH THOsE CompuTeD By Equation (11) 
Percentage Differences by Equation (13): 
27 Crest = [(Item 10 —Item 24)/Item 24] 100........ +6.5 +14.0 
28 Mid-section = [(Item 11 —Item 25)/Item 25] 100. +1.9 +13.3 
29 Summit = [(Item 12—Item 26)/Item 26] 100...... —0.5 +22.3 


* See Transactions, Am. Soe. C. E., Vol. 99 (1934), Fig. 3, p. 989. 

7 Assumed average values in order to start the radii at a common center. 

t Transactions, Am. Soc. , Vol. 99 (1934), Column (8), Table 3, p. 995. 
§ Assume the datum at Elevation 734.0 to equal the elevation of the crest of all three cnillwere 
|| Transactions, Am. Soc. C. E., Vol. 99 (1934), Columns (4), (7), and (10), Table 2, p. 99 

{{ Velocity head computed as the difference between the energy gradient and the hydraulic gradient. 
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used in Mr. Rock’s formula to compute the velocities at the crest, mid-section, 
and summit of each siphon throat section. A second set of similar velocities at 


5 


Summit ——— Values Computed by Equation (11) 
—___ Values Computed by Test Data (Total Head Minus 
Losses and Pressure Head) —j 
> 
2 4 
= Summit \ 
ze) eee == \ 
: \ ZALLLLZ ALL 7 
=I \ \ Summit Ni 
3 \ \ 
J 3 =sir i] apd = 
c \ \ \ 
\ 3 Data. 
Beech Ne \ 
(@ SIPHON NO.5 \ (6) SIPHON NO.6\ (c) SIPHON NO. 7 \ 
Crest Crest Crest 
2 7 


0 10 20 30 40 0 10 20 30 40 (0) 10 20 30 40 50 
Velocity, in Feet per Second 


Fie. 4 


these points was then computed by subtracting the actually measured hydraulic 
zradient from the energy gradient. That is, 


er zB 
ee: (2488-42). cere OD) 


Comparison was finally made between the two sets of velocities by percentage 
lifference in order to obtain an index as to the validity of Mr. Rock’s formula. 
Arithmetically: 


Percentage difference = Vrock ~ Vactual (13) 


Vactual 


it will be noted from Fig. 4 that in all three cases, the actual velocity values, as 
lerived from the test data, are greater at the crest than at the summit, and that 
he velocity values as computed by the author’s formula (Equation (11)) 
‘onform fairly well with the so-called actual values. When the number of 
vays in which experimental and personal error may have entered into the test 
lata are considered, the comparison in Fig. 4 is believed to be surprisingly good; 
nd, furthermore, this comparison appears to be a strong indication that the 
uthor’s assumption of vortex flow is justified. In addition to the foregoing 
omparison, the practical application of Mr. Rock’s formula was tested by 
shecking the throat sections of several other existing siphon spillways. It was 
ound that the computed and actual values checked quite satisfactorily. 
Further Considerations—The author’s treatment of the importance of 
oper lower leg design in high-head siphons is considered good. The mathe- 
natics involved in this phase, as well as those concerning the derivation of his 
‘ortex flow formula, were found to be valid. The numerical solution of the 
xample siphon, as given by Mr. Rock, aptly illustrates his point that a plot of 
he hydraulic gradient does not result in true negative pressures at the crest and 
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summit of the throat section. However, if the author had included in his text 
the actual prototype measurements and model experiments, which he states 
prove conclusively that the negative pressures at the throat section as obtained 
from a plotting of the hydraulic gradient are erroneous, the value of this part o: 
his paper would be increased materially. 

Conclusions—The inherent value of Mr. Rock’s method is that he has 
extended the current method of throat section design (which assumes an even | 
velocity distribution) an additional step forward. In brief, his method consists] 
of using the distribution of velocities in the throat as a basis for determining the 
maximum velocities that will be obtained under a given discharge. The 
limitation of these maximum velocities to correspond to maximum allowable 
negative pressures then permits a more logical approach for the design of the 
throat section. It is possible that when such a siphon, throat-velocity, 
distribution theory is completely established, the next logical step would lead 
to an attempt to increase the efficiency of siphon operation by redesigning the 
throat section into other than a rectangular or circular section. Such a design, 
of course, would have to result in a gain in efficiency of operation sufficient to 
overcome increased construction costs. 


